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PREFACE 


ThivS  manual  was  propaied  al  the  request  of  Code  :V7r>  of  the  Applied  Science  Branch, 
Fiureau  of  Sluf)s,  in  order  to  provide  guidance  to  desipn  agencies  for  the  selection  and  appli- 
<-ation  of  resilient  mountings  to  shipboard  equipment.  All  the  mounting  arrangements  expected 
to  bo  encountered  in  practical  installations  have  been  treated.  For  the  more  commonly  en* 
countered  arrangements,  the  computations  were  simplified  and  systematized  as  much  as  nossi- 
Ido,  and  charts  were  used  to  reduce  further  the  f'omputational  work. 

Natural  frequencies  and  normal  modes  of  resilicntly  mounted  equipment  can  now  he 
calculated  by  moans  of  high-speed  computers.  The  David  Taylor  Model  Basin  has  coded  one 
iieaoral  form  of  the  problem  for  the  UNIX  AC.  Guidance  on  the  data  needed  for  U’NIX^AC  cal 
culation  is  given  in  Bl'SHlPS  Notice  1046‘2  dated  6  July  19.n6.  The  Flectric  Boat  Division 
of  the  General  Dynamics  Corporation  also  has  coded  a  general  form  of  the  problem,  in  this  in¬ 
stance  for  IBM  machines.  This  code  has  been  made  available  to  the  Portsmouth  and  Phila¬ 
delphia  Naval  Shipyards. 

Numoro  is  individuals  of  many  groups  contributed  substantially  to  the  compilation  of 
this  manual  by  many  concrete  suggestions  on  the  scone  of  the  manual,  on  information  required 
for  calculating  natural  frequencies,  and  on  considerations  and  precautions  in  the  selection 
and  apnlication  of  mountings.  Further  suggestions  were  made  in  comments  on  the  several 
preliminary  drafts  of  this  manual.  Those  who  should  be  specially  mentioned  include  Messrs. 
W,W,  Jackson  and  C.M.  Banfield  of  the  Portsmouth  Naval  Shipyard,  CAPT  P.G.  Schultz,  USN, 
Mr.  A.C.  McClure  of  the  General  Dynamics  Corporation,  Flectric  Boat  Division,  and  Messrs. 
P.J.  Shovcstul  and  F.  Schloss  of  the  Engineering  Experiment  Station.  Comments  on  drafts  of 
the  manual  were  also  made  by  personnel  of  the  Naval  Kosoarch  Laboratory,  the  Mare  Island 
Naval  Shipyard,  the  San  Frjjncisco  Nav  al  Shinyard,  and  Codes  371,  436,  503B,  and  .S25  of  the 
Bureau  of  Ships.  Mr.  Roy  Henderson  of  Code  37h  of  the  Bureau  of  Ships  contributed  greatly 
by  suggesting  sources  of  information,  correlating  the  contents  to  Bureau  of  Ships  develop¬ 
ments,  specifications,  and  instructions,  and  by  suggesting  changes  in  the  arrangement  of  the 
manual. 

Contributions  of  Taylor  Model  Basin  personnel  wore  as  follows;  Section  AT).!  of 
Appendix  5  was  prepared  by  Mr.  U.T.  McGoIdrick  and  the  remaining  sections  of  Appendix  5 
ard  Appendix  G  were*  prepared  by  Dr.  E.H.  Kennard.  Dr.  E.H.  Barciss  developed  a  chart  for 
the  solution  of  cubic  (Mjuntions,  and  Mr.  fCD.  Ruggles  suggested  a  combined  procedure  for 
determining  (!(>niers  of  gravity  and  moments  of  inertia.  Dr.  Mark  Harrison  and  Mr.  Harry  (Mch 
were  con.sultants  on  noise  anr)  shock.  Messrs.  W.D.  Schutt,  E.U.  Wagner,  and  U.K.  Milam 
helped  lo  prepare  and  cheeked  the  illustrative  problems,  charts,  and  figures. 
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NOTATION 


I 

^2>^2’^^2  J 

c 


D 


1)^,  Dy,  Dy 


f, 


f. 


f 


max 


fu 


G 


Coefficients  in  the  cubic  equations  for  solution  of  natural 
frequencies  of  mounted  assemblies  with  one  plane  of  symmetry 


Clearance  around  resiliently  mounted  equipment,  inches 

Numerical  factor  or  ratio;  also  used  as  viscous  damping 
constant 

Maximum  expected  deflection  of  the  mounting  in  its  axial 
direction  in  a  base  mounting  arrangement,  inches;  also  used 
as  a  constant  in  derivation  of  equations  for  frequencies  of 
assemblies  with  symmetry 

For  four  mountings  with  mirror  symmetry  of  equipment  with 
two  planes  of  vibrational  symmetry,  1)  y  nrc  equal, 

respectively,  to  the  absolute  values  of  the  coordinates  of 
the  effective  points  of  attachment  or  A,  F,  Z,  inches, 
b  or  other  cases  O  D  ^  are  equal  to  the  absolute  values  of 

A,  y,  Z  for  four  equivalent  mountings,  and  expressions  are 
given  for  ^ these  equivalent  mountings  under 

the  different  cases  of  mounting  arrangements,  inches 

Perpendicular  distance  between  parallel  axes,  inches 

Maximum  expected  deflection  of  a  mounting  in  the  radial 
direction,  inches 

A  function;  or  a  force;  or  amplitude  of  a  sinusoidal  force 

Forces  in  the  ar,  y,  and  z  directions,  respectively,  due  to 
displacements  of  the  effective  point  of  attaclmient  of  a 
mounting 

Natural  frequency  of  vibration  of  a  resiliently  mounted 
assei  ibly,  cycles  per  second 

Natural  frequency  of  vibration  of  a  resiliently  mounted 
assembly  in  the  higher  rocking  mode  in  a  plane  of 
symmetry,  cycles  per  second 

Natural  frequency  of  vibration  of  a  resiliently  mounted 
assembly  in  the  lower  rucking  mode  in  the  same  plane 
of  symmetry,  cycles  per  second 

Natural  frequency  of  vibration  of  a  resiliently  mounted 
assembly  in  a  rotational  mode,  cycles  per  second 

Natural  frequency  of  vibration  of  a  resiliently  mounied 
assembly  in  a  translational  mode,  cycles  per  second 

Static  load  on  each  base  mounting  in  a  braced  mounting 
arrangement,  pounds 


vii 


9 


Acceleration  of  gravity,  3B6  inches  per  second  squared 
9y 

i^kyZ)^ 

H  Perpendicular  distance  from  the  plane  of  the  mountings* 

to  a  point  on  the  equipment  in  a  base  mounting  arrange- 
ment,  inches 

A  Height  of  equipment,  inches 


•In  more  precise  terms, this  would  be  the  effective  point  of  attachment  and  may  differ  among  vaiious  types  of 
mountings  from  the  geometrical  center  of  a  mounting,  especially  in  the  Z  direction.  To  determine  this  point 
requires  judgment  on  the  part  of  the  design  engineer.  Illustrative  examples  are  given  as  follows  for  various 
designs  of  mountings: 


Approximate  effective  point  and  Ay  plane  of 
attachment  for  EES  type  A6L  (6  cps)  mount¬ 
ing.  Due  to  design  of  mounting,  poini  on 
Z  axis  is  about  midhelghl  of  the  rubber  on 
the  compressed  side  of  the  mounting  under 
load.  I'ere  the  large  static  deflection  un> 
der  load  must  be  considered. 


viii 


/  Mass  mornont  of  inertia  of  equipment, 

[)oun<l-i ncfi- seconds  squared 

/  yi  /  y ,  Mass  moment  of  inertia  of  a  mounted  assembly  about  the 

.V,  y,  and  Z  axes,  respectively,  pound*inch-seconds  sounred 

Mass  moment  of  inertia  of  a  mounted  assembly  about  the 
X,  y,  and  2  axes,  respectively,  pound-inch-seconds  squared 

Products  of  inertia  of  a  mounted  avSsembly  with  respect 
to  the  xy,  y^,  and  xz  axes,  respoclively 

K  Constant  used  in  determining  the  mass  moment  of  inertia 

of  an  assembly  by  trifilar  suspension 

/v’y^.  Spring  constant  of  an  entire  set  of  mountings  relating  a 

displacement  in  the  y  direction  with  the  restoring  force 
in  the  x  direction  and,  conversely.  A  displacement  v 
in  the  positive  y  direction  evoke?  a  force  in  the 

X  direction;  if  v  and  are  both  positive,  the  force  is 
directed  toward  -  .r.  Similarly,  a  displacement  v  toward 
4  X  evokes  a  force  -  A'  v  in  the  v  direction 

U  f 

A^^^  Spring  constant  of  an  entire  sot  of  mountings  giving 

either  the  restoring  force  in  the  x  direction  due  to  unit 
rotation  about  the  y  axis  or  the  restoring  torque  about 
the  y  axis  due  to  unit  displacement  in  the  x  direction. 

The  sign  convention  corresponds  to  that  for 

A  ^.^,,  A  ^^,  etc.  Spring  constants  of  an  entire  set  of  mountings  defined 

by  obvious  extension  of  above  definitions.  For 
Qt'C.,  the  same  axis  is  used  twice 

k  Dymamic  spring  constant  or  effective  stiffness  during 

vibration  of  a  mounting  with  the  same  stiffness  (re¬ 
storing  force  divided  by  displacement)  in  all  directions, 
pounds  per  inch 

A*  ^ ,  A  y  ,  Spring  constants  of  individual  mountings  in  the  direction 

of  the  A,  y,  and  Z  axes,  respectively,  (always  consid¬ 
ered  positive) 

k ^  Axial  spring  constant  of  arv  individual  mounting  (always 

considered  positive) 

k ^  Radial  spring  constant  of  an  individual  mount  (always 

considered  positive  and  independent  of  direction  in 
a  plane  normal  to  the  axis  of  elastic  symmetry) 

k^^  “Cross  stiffness”  of  an  individual  mounting,  that  is,  a 

quantity  determined  by  the  restoring  action  with  respect 
to  the  ?th  coordinate  due  to  a  displacement  with  respect 
to  the  ;th  coordinate.  Either  i  or  ;  may  bo  a  rectilinear 
or  an  angular  coordinate 


IX 


etc.  Spring  constants  of  individual  mountings  giving  the 

restoring  force  in  the  direction  of  one  of  the  axes 
indicated  in  the  subscript  excited  by  a  unit  displace¬ 
ment  of  the  effective  point  of  attachment  of  Uie 
mounting  in  the  positive  direction  of  the  other  axis 
indicated  in  the  subscript.  The  sign  convention 
corresponds  to  that  adopted  for  the  A  etc. 

/-  Length  of  supporting  wires  of  trifilar  suspension, 

inches 


I 


m 

S 


Distance  to  pianos  of  mountings  parallel  to  the  XY 
plane  in  multiplane  arrangements  with  three  planes 
of  symmetry 

Length  of  equipment,  inches;  distance,  inches 

!tostoring  moiiients  about  x,y,  and  z  axes,  respec¬ 
tively,  due  to  the  displacement  of  the  effective 
point  of  attachment  of  a  mounting 

Mass  of  the  unit,  subbase,  or  assembly,  —  ^ 
pound-seconds  squared  nor  inch 

Number  of  mountings 


n 


c 

2/71 


R 


Terms  derived  from  the  and  ;7i’s  of  a  mounted 
assembly  and  used  in  the  derivation  of  the  fre¬ 
quencies  for  symmetrical  cases 

Reaction  force,  pounds 


r 


r^, fy, 


S 


ir  "12’  ‘M3 


T 


Distance  from  the  supporting  wires  to  the  center  of 
gravity,  i.e.,  center  of  platform,  of  the  trifilar 
suspension,  inches 

Radius  of  gyration  of  a  mounted  assembly  about  the 
A',  y,  and  Z  axes,  respectively,  inches 

Distance  between  centers  of  the  most  widely  spaced 
mountings  in  the  direction  being  considered,  inches; 
also  used  as  constant  derived  from  parame*  's  of 
mounted  assembly  in  frequency  equations  iw* 
symmetrical  systems 

Constants  derived  from  spring  constants  of  mountings 
used  in  analysis  of  symmetrical  cases 

Period  of  oscillation  (time  in  seconds  from  one 
extremity  to  the  other  and  back  to  the  first,  i.e., 
time  of  one  cycle),  seconds;  also  used  for 
transmissibility 


X 


n,  V,  '/ 


ir 

1/. 

A\  Z 


A, 


I , 


Z 


X 

X,  y,  2 


>  Vi  2 


a  j  ,  y 


0 


0^,  O, 


Small  displKceniGnt^  of  the  center  of  mass  of  the 
iv.oanteri  asson'tbly  in  the  x,  y,  and  2  directions, 
respectively 

Weight  of  mounted  equipment  and  subbase,  pounds 

Width  of  mounted  equipment  or  subbase,  inches 

Rectangular  coordinates  with  origin  at  the  center  of 
mass  of  the  mounted  assembly  when  the  axes  are 
principal  axes  of  inertia  of  this  assembly;  the 
coordinates  of  the  effective  point  of  attachment  of  an 
individual  niounting  with  respect  tx)  these  axes 

C'oordinates  of  the  center  of  gravity  of  an  assembly  of 
equipment  and  subbase  with  respect  to  an  arbitrarily 
ciiosen  set  of  axes,  inches 

Length,  inches;  distance, inches 

Rectangular  coordinates  with  respect  to  a  set  of  axes 
of  arbitrary  orientation.  In  the  dynamical  equations 
this  origin  is  taken  at  the  center  of  mass  of  the 
mounted  assembly 

Rectangular  coordinate  axes  parallel  to  the  x,  y,  and 
2  axes  but  with  origin  0,  at  an  arbitrary  point  on  the 
«axis  of  symmetry  of  an  individual  mounting 

Coordinates  of  center  of  gravity  of  mounted  assembly 
or  of  an  individual  unit  with  respect  to  x,  y.  and  z 
axes 

Small  rotations  of  the  mounted  assembly  about  the 
Xy  y,  and  z  axes,  respectively 

Sign  of  summation  over  all  mountings  in  an  installa¬ 
tion.  When  any  factor  is  the  same  in  all  terms  of 
a  sum,  this  factor  can  be  put  in  front  of  2,  for 
example,  if  is  the  same  for  all  mountings,  then 
=  k^lY^ 

Phase  angle  by  which  the  driving  force  leads  the 
displacement  in  the  steady-state  vibration  of  a 
system  with  a  single  dogroo  of  freedom 

Direction  angles  between  the  axis  of  symmetry  of 
an  individual  mounting  and  the  A,  P,  and  Z  axe.s, 
respectively 

Direction  angles  between  the  axis  of  symmetry  of 
an  individu?!  mounting  and  x,  y,  and  z  axes,  respectively 

Circular  frequency 

Undamped  natural  circular  frequency  of  a  system  of  -^ne 
degree  of  freedom 
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INTRODUCTION 


A  resilient  mounting  is  defined  as  an  item  designed  to  incorporate  rigid  members  for 
attachment  and  resilient  elements  for  the  purpose  of  isolating  shock,  noise,  and  vibrations  of 
a  continuous  or  intermittent  origin  and  to  serve  as  a  foundation  support  for  an  item  of  equip* 
nient  to  be  ^  isolated.  The  general  nomenclature  has  been  chosen  because  of  the  difficulty 
in  defining  specifically  a  shock,  noise,  shock*noise,  or  vibration  mounting.  Mountings  em¬ 
ployed  in  one  installation  primarily  to  isolate  noise  or  vibration  may  also  provide  adequate 
shock  protection  in  the  same  or  another  installation. 

In  the  application  of  resilient  mountings  to  item  of  shipboard  equipment,  it  should 
first  be  determined  why  mountings  are  needed  and  for  v.,.at  purpose.  The  chief  aim  is  to  have 
shipboard  equipment  designed  to  be  inherently  noiseproof,  shockproof,  and  capable  of  with¬ 
standing  normal  shipboard  vibration  when  the  equipment  is  bolted  down  rigidty.  Equipment 
that  has  been  proved  inherently  shockproof  by  shock  machine  tests  requires  no  resilient 
mountings,  except  when  the  equipment  generates  noise  which  must  be  attenuated  because  of 
a  shipboard  requirement.  Equipment  that  has  passed  shock  and  vibration  tests  can  be  ex¬ 
pected  to  wiUistand  normal  vibration. ^  experienced  aboard  ship  when  bolted  down  rigidly. 
Laboratory  tests ^  indicate  that  even  electronic  equipment  will  often  satisfactorily  pass  shock 
and  vibration  tests  without  resilient  mountings. 

When  it  is  necesj^ary  to  employ  mountings,  enre  must  be  exercised  to  prevent  excessive 
amplification  of  vibration  resulting  from  excitations  in  the  equipment  itself  or  from  propeller, 
hulL  or  adjacent  machinery. 

On  submarines,  it  is  desirable  that  certain  natural  frequencies  of  equipment-mounting 
installations  be  lower  than  the  frequencies  of  exciting  forces  or  motions  in  order  to  reduce 
noise  transmission.  Fortunately,  low-frequency  mountings  can  be  employed  on  submarines 
becauc>e  of  the  small  vibration  amplitudes  that  usually  result  from  the  propeller  and  hull  ex¬ 
citations.  On  the  other  Land,  for  surface  ships,  it  is  often  desirable  to  have  the  natural  fre¬ 
quencies  of  equipment-mounting  installations  higher  than  the  vibration  frequencies  excited 
by  propeller  forces  in  order  to  avoid  resonances.  In  such  installations,  amplification  of  the 
oxciting  forces  or  motions  will  exist,  but  if  such  amplification  is  no  greater  than  three,  it  is 
generally  considered  acceptable.  The  higher  shaft  .«ipoeds  and  the  greater  number  of  propeller 
blades  on  more  recent  ships  make  it  more  difficult  to  avoid  resonances  with  vibration  fre- 
(juencies  excited  by  propeller  forces.  In  tiiese  ii. stances,  mountings  with  high  damping 
characteristics  may  have  to  bo  used. 

The  cal culation.s  involved  in  the  selection  and  application  of  mountings  are,  at  best, 
tirne-consuniing  and  tedious.  Information  must  be  available  on  the  characteristics  of  ihe  equip¬ 
ment  and  mountings  and  the  exciting  frequencies  that  may  be  encountered.  To  meet  the  re¬ 
quirements  of  specific  conditions  for  a  particular  installation,  a  tentative  selection  and 

^References  are  listed  on  par.e  137. 


positioning  of  resilient  mountings  must  first  be  made.  Natural  frequencies  of  the  resiliently 
r^ounted  systems  must  then  be  calculated.  If  the  design  requirements  are  not  met,  the  mount¬ 
ings  will  need  to  be  repositioned  or  a  new  selection  made,  and  the  frequencies  must  be  calcu* 
lated  again  until  the  design  requirements  arc  satisfied. 

Accordingly,  this  “Mounting  Guido”  has  been  prepared  to  aid  design  engineers  and 
enginooring  draftsmen  in  solving  problems  dealing  with  the  selection  and  application  of  resil¬ 
ient  mountings  to  items  of  shipboard  equipment*  The  main  objective  has  been  present  quick 
and  practical  methods  of  solving  mounting-installation  problems  by  utilizing  charts,  tables, 
and  simple  formulas  wherever  possible. 

This  guide  contains  throe  chapters  and  seven  appendixes,  the  purposes  of  which  are 
as  follows: 

(a)  To  ilescribe  briefly  the  nature  and  principles  of  noise,  shock,  and  vibration  isolation— 
Chapter  1  and  Appendix  1. 

(b)  To  discuss  the  physical  constants  needed  for  the  selection  and  application  of  resili¬ 
ent  mountings  and  to  present  methods  for  their  determination-Chapter  2  and  Appen- 

^il X  •>* 

(c)  To  emphasize  the  general  considerations  and  list  the  precautions  that  should  be  ob¬ 
served  in  the  selection  and  application  of  mountings— Chapter  1. 

(d)  To  present  methods  for  calculating  ‘he  natural  frequencies  of  systems  with  various 
types  of  mounting  arrangements— Chapter  3  and  *ippendixes  2  and  6. 

(e)  To  present  additional  information  to  engineers  desiring  to  delve  more  deeply  into 
the  theory  of  isolation  and  the  equations  of  motion- Appendixes  1,  5,  and  6,  Refer¬ 
ences,  and  Bibliography. 
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CHAPTER  1 


NATURE  OF  THE  TRANSMISSION  OF  NOISE,  SHOCK,  AND  VIBRATION 


1.1.  NOISE,  SHOCK,  AND  VIBRATION 


In  the  selection  and  application  of  resilient  mountings  to  shipboard  equipment,  the  re¬ 
duction  of  the  transmission  of  noise,  shock,  and  vibration  is  of  concern  only  for  certain  paths 
of  transnussion.  Applied  shock  and  vibration  are  transmitted  to  shipboard  machinorv  and 
efjuiprnent  through  the  ship  structure.  In  the  opposite  direction,  noise  and  vibration  are  trans- 
Ruttod  from  machinery  through  the  intervening  ship  structure  to  the  hull  and  water.  Such  noise 
may  then  be  transmitted  to  an  enemy  ship  or  to  listening  devices  in  the  ship;  see  Figure  1. 


Flyure  la  -  Vibration  and  Shock 
to  Fquipmr^nt 


l‘'iv;ure  lb  •  Noiae  and  Vibration 
from  Machinery 


Figure  1  •  Directions  of  Transmission  of  Noise,  Shock, 
and  Vibration  on  Shipboard 


The  reduction  of  noise,  shock,  and  vibration  is  necessary  for  various  reasons.  Noise 
may  either  reduce  the  listening  range  of  the  shin  itself  or  increase  the  chance  of  detection 
of  the  shin  by  listeners  ryn  other  shitis.  Applied  shock,  such  as  that  of  noncontact  under¬ 
water  explosions,  may  damage  or  render  inoperable  certain  types  of  equipment.  Naval  enuip- 
ment,  with  the  exception  of  some  electronic  units,  is  expected,  however,  to  withstand  the 
nortiial  vibration  existing  on  shipboard;  therefore  it  is  only  necessary  to  prevent  excessive 
amplification  of  those  vibrations  by  proper  design  of  mountings. 


There  are  four  approaches  to  the  problem  of  reducing  the  severity  of  noise,  shock,  and 
vibration  on  shipboard: 

1.  Improvement  or  modification  of  the  equipment  design. 

2.  Relocation  of  equipment  aboard  ship. 

3.  Installation  of  resilient  mountings. 

4.  Proper  maintenance  and  balancing'  of  equipment. 

Design  improvement  embodies  design  of  ship  structures,  such  as  machinery  foundations, 
as  well  as  design  of  the  inoividual  machinery  items,  particularly  design  that  avoids  resonances 
in  structures  and  appurtenances.  It  is  assumed  that  conditions  resulting  in  abnormal  opera* 
tion,  such  as  excessive  unbalance  or  misalignment  of  propellers,  shafting,  or  machinery,  al¬ 
ready  have  been  remedied.  Properly  aligned  equipment  can  easily  become  misaligned  in 
service;  therefore  it  is  essential  that  equipment  be  checked  frequently  and  realigned  when 
necessary.  As  design  of  equipment  for  shipboard  installations  improves,  fewer  attenuating 
devices,  such  as  resilient  mountings,  will  bo  needed.  There  are  certain  locations  on  board 
ship  w'here  the  noise,  shock,  and  vibration  excitations  have  smaller  amplitudes  than  in  other 
parts  of  the  ship.  Both  design  improvement  and  relocation  can  reduce  the  exciting  forces  and 
motions  and  consequently  modify  the  response. 

Meanwhile,  the  need  for  installation  of  machinery  and  equipment  on  resilient  mountings 
continues.  Resilient  moun  ngs  can  reduce  the  effects  (transmissibility)  of  shock  motion  and 
vibration  on  equipment  and  can  reduce  the  transmissibility  of  noise  and  vibration  from  machin¬ 
ery  to  the  ship  structure  and  the  water.  Improferly  selected  resHient  mountings,  however,  may 
increase  rather  than  decrease  the  tranmissibility. 

1.2.  RESPONSE  OF  RESILIENTLY  MOUNTED  BODIES 

A  body  that  has  extremely  high  stiffnesses  between  its  components  may  be  treated  ap¬ 
proximately  as  a  rigid  mass.  If  such  a  body  is  supported  by  a  massless  spring  and  constrained 
by  frictionless,  rigid  guides  to  move  only  in  a  vertical  direction  in  the  plane  of  the  paper, 
sec  Figure  2,  it  is  a  onc-degreG-of-freodom  system,  that  is,  the  position  of  the  mass  at  any 
instant  can  be  described  by  one  coordinate.  The  system  has  one  natural  frequency  corre- 
spondin/i  to  a  vortical  mode. 

If  the  vertical  guides  are  now  removed,  with  the  motions  still  confined  to  the  plane  of 
the  paper,  and  the  spring  has  vertical,  horizontal,  and  rotational  stiffnesses,  Figure  3,  the 
system  has  three  degrees  of  freedom  and  therefore  has  three  natural  frequencies.  Two  of  the 
natural  frequencies  due  to  horizontal  vibrations  cause  modes  of  rotation  about  two  separate 
axes  perpendicular  to  the  plane  of  the  paper.  These  are  designated  rocking  modes.  The 
rocking  mode  is  caused  by  the  mass  attempting  to  move  in  a  horizontal  direction,  but  be¬ 
cause  of  the  restraint  offered  by  the  mountings,  the  mass  rocks  about  an  axis  below  the  cen¬ 
ter  of  gravity.  TK  .  rocking  mode  is  initiated  by  tho  tendency  of  the  mass  to  rotate 
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Figure  2  -  A  One-Degree-of- 
Kroedoni  System 


Figure  3  •  A  Three-Degree-of- 
Freedom  System 


about  the  center  of  gravity,  but  since  the  mountings  constrain  this  rotation,  the  mass  rocks 
about  an  axis  above  tbe  center  of  gravity.  In  general,  in  a  system  of  throe  degrees  of  free¬ 
dom,  each  mode  will  involve  all  three  coordinates,  but  because  of  the  symmetry  in  this  ex¬ 
ample,  the  third  natural  frequence  is  for  a  pure  vertical  translational  mode. 

Lot  it  now  be  assumed  that  the  center  of  gravity  of  the  mass  is  at  its  geometrical  cen¬ 
ter  and  that  the  princif)al  axes  of  inertia  are  the  X,  Y,  and  Z  axes  and  let  the  system  be  sup¬ 
ported  on  eight  resilient  mountings  symmetrically  positioned  about  the  mass,  as  in  Figure  4. 
Then  the  system  has  natural  translational  frequencies  in  the  X,  Y,  and  Z  directions  and  also 
natural  rotational  frequencies  about  the  X,  Yt  and  Z  axes.  Thus  the  system  has  six  natural 
frequencies,  or  six  degrees  of  freedom  and  six  natural  frequencies  in  all. 

If  there  is  partial  or  complete  lack  of  symmetry,  certain  of  the  translational  and  rotation¬ 
al  modes  may  be  replaced  by  rocking  modes,  each  of  which  has  translational  and  rotational 
components  of  motion.  In  general,  a  mass  supported  by  resilient  mountings  has  six  normal 
modes  of  vibration  and  therefore  six  natural 
or  resonance  froquoncios,  It  is  possible,  how¬ 
ever,  for  two  or  more  modes  to  have  the  same 
frequency.  Each  mode  may  have  translational 
and  rotational  components.  Such  a  system  has 
the  property  that  a  free  vibration  may  exist  in 
any  one  of  those  modes  without  exciting  any 
of  the  others. 

Itockiii"  modes,  however,  are  not  the 
most  complicated  types  of  motion  that  can 
occur  ill  a  normal  mode  of  vibration  of  a  rigid 
mass.  The  body  may  move  in  rotation  about 
a  particular  axis  and  in  translation  along  an 


Figure  4  -  A  Six-Degree-of- 
Froedom  System 
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Figure  5  •  Typical  Base* Mounting 
Arrangement 

and  the  other  translational  along  the  Z  axi 
are  six  modes  of  vibratioi  in  all:  four  rod 


axis  inclined  to  the  first  axis.  In  general,  a 
free  vibration  may  exist  in  any  mode  without 
exciting  any  of  the  other  modes. 

For  a  frequently  used  arrangement, 
sometimes  called  “bottom  mounting”  or 
“base  mounting/*  with  four  identical  mount¬ 
ings  symmetrically  attached  to  the  base  of  a 
unit  which  is  also  symmetrical,  Figure  5, 
the  horizontal  translational  mode  of  vibration 
along  the  Y  axis  and  the  rotational  mode 
about  the  A  axis  are  supplanted  by  two  rock¬ 
ing  modes  about  axes  parallel  to  the  X  axis. 
Likewise,  there  are  two  rocking  modes  about 
axes  parallel  to  the  Y  axis.  There  are  two 
other  modes,  one  rotational  about  the  Z  axis 
,  each  having  its  own  natural  frequency.  There 
ing,  one  translational,  and  one  rotational. 


1.3.  TRANSMISSIBILITY 

Consider  the  one-dogree-of-freedom  system  shown  in  Figure  2.  If  the  mass  is  displaced 
and  then  released,  it  will  oscillate  vertically  at  a  substantially  constant  period  or  frequency, 
but  the  amplitude  of  vibration  will  gradually  decrease  because  of  damping  forces. 

If,  now,  instead  of  an  initial  displacement,  a  sinusoidal  force  of  constant  amplitude  is 
applied  to  the  mass,  see  Figure  6a,  or  if  a  sinusoidal  motion  of  constant  displacement  is 
applied  to  the  spring  support,  see  Figure  6b,  after  a  short  transitional  interval,  tho  mass  will 
move  in  a  forced  vibration  of  constant  peak  amplitude  at  the  frequency  of  the  exciting  force 


FlKofo  6h  •  Sinusoidal  Force  Applied 
to  the  Mass 


Figure  6b  -  Sinusoidal  Motion  of  the 
Mounting  Support 


Figure  6  •  Motions  and  Forces  Applied  to  an  Undamped  One-Degroe-of-Freedom  System 


or  displacement.  For  a  given  amplitude  of 
excitation,  the  amplitude  of  the  forced  vibra¬ 
tion  will  depend  upon  the  magnitude  of  the 
damping  and  upon  the  ratio  of  the  exciting 
frequency  to  the  natural  frequency  of  vibra¬ 
tion  of  the  mass. 

The  variation  of  amplitude  with  fre- 
quenc  s  shown  for  a  typical  one-degree-of- 
freedom  system  in  Figure  7,  in  which  the  or¬ 
dinate  is  proportional  to  the  amplitude  of  vi¬ 
bration  of  the  mass.  As  shown  by  the  peak 
in  the  curve,  the  amplitude  of  vibration  is  a 
maximum  when  the  frequency  of  vibration 
nearly  equals  the  natural  frequency  of  vibra¬ 
tion  of  the  mass.  With  less  damping,  the  peak 
would  bo  higher  and  the  frequency  closer  t/j 
the  natural  frequency;  with  greater  damping, 
i t  would  be  lower. 

The  ordinate  in  Figure  7  actually  represents  what  is  called  the  transmissibility  for  the 
mass  on  the  spring.  When  the  motion  is  excited  by  a  sinusoidal  force  applied  to  the  mass, 
.sinusoidal  force  is  also  transmitted  through  the  spring  to  the  supporting  base.  The  ratio  of 
the  amplitude  of  the  force  transmitted  to  the  base  to  th<*  <■>.'  iting  force  is  the  transmissibility. 
The  same  number  also  ropresonfs  the  ratio  of  the  amplitu  vjbration  of  the  mass  to  the 

amplitude  of  vibration  of  the  base  when  tlie  motion  is  excii^u  by  moUons  of  the  base.  It  will 
be  seen  that  the  transmissibility  is  unity  for  a  static  force  or  displacement,  is  greater  than 
unily  fit  frequencies  between  zero  and  resonance,  and  eventually  becomes  less  than  unity  at 
frequoricios  well  above  resonance. 

The  phonomonon  of  forced  vibration  is  described  analytically  in  Appendix  1. 


£ 
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Frequency  Ratio;  Exciting  Frequency 
to  Naturai  Frequency  of  the  Mass- 
Spring  System 


Figure  7  -  Response  of  a  One-Degree-of- 
Freedom  System  to  Excitations  at 
Various  Frequencies 


1.4.  SUITABLE  NATURAL  FREQUENCIFS 

Frequency  requirements  related  to  ship  vibration,  to  shock  motion,  and  to  noise  excita¬ 
tion  will  be  doscribod  successively.  First,  however,  the  importance  of  these  requirements 
.should  bo  discussed.  On  submarines,  the  primary  purpose  of  resilient  mountings  is  noise  re- 
duftion.  Kquipniont  rosiliontly  mounted  to  reduce  noise  must  also  be  able  to  witlistand  shock 
motions  of  relatively  large  magnitude  and  vibration,  with  some  allowable  magnification  of 
motion  without  failure  or  maloperation.  On  surface  ships,  at  least  for  the  present,  noise  re¬ 
duction  is  less  iroportant,  but  the  equipment  must  withstand  shock  motions  and  also  vibrations 
rnodoratelj  magnifiorl  in  amplitude.  Much  shipboaid  equi[;mont  will  [‘orfurni  saUsfactorily 
undor  .shock  oxcitntion,  and  even  more  equip.Mont  und(?'  \!lira:ion  oxer  ftioo  jf  it  is  rigidly 


mounted.  Therefore,  for  this  sort  of  equipjiicnt,  no  resilient  mountings  need  be  provided  ex¬ 
cept  where  noise  reduction  is  required. 

1.4.1.  VIBRATION 

Two  types  of  vibrntion  excitation  of  resiliently  mounted  equipment  occur  on  shipboard, 
excitation  from  ship  structure  and  self-excitation  of  equipment  by  unbalanced  moving  parts. 

The  hull  of  a  sliip  can  be  excited  by  vibration  in  the  propulsion  machinery  system  as 
well  as  by  thrust  variations  due  to  the  variation  of  pressure  on  each  propeller  blade  as  the 
propeller  rotates.  The  lateral  component  of  thrust  variation  causes  vibration  at  frequencies 
equal  to  the  shaff  rpm  multiplied  by  the  number  of  blades  of  the  propeller.  If  the  excitation 
caused  by  thrust  variation  has  a  frequency  equal  or  close  to  one  of  the  natural  frequencies  of 
the  hull  in  flexural  vibration,  then  the  hull  may  respond  to  this  excitation  at  amplitudes  large 
enough  to  be  troublesome.  For  most  naval  ships,  the  frequency  of  this  excitation  has  not 
exceeded  25  cps  (1500  cpm),  but,  with  the  trend  toward  higher  shaft  speeds  and  5-  and  6-^laded 
propellers,  it  may  become  as  high  as  33  1/3  cps  (2000  cpm).  ^ 

One  way  of  avoiding  resonances  is  to  .oen  the  resonance  frequencies  of  the  equipment 
above  the  excitation  frequencies.  As  shown  by  the  transmissibility  curve,  Figure  7,  the 
steady-state  vibration  cannot  then  ho  kept  from  exceeding  tlie  vibration  of  the  foundations,  but 

it  can  he  kept  within  reasonable  limits.  In  the  absence  of  damping,  a  satisfactory  limit  of 
magnification  is  obtained  if  all  important  natural  or  resonance  frequencies  of  the  equipment 
are  made  at  least  1.4  times  as  groat  as  the  maximum  excitation  frequency. 

If  a  surface  ship,  for  which  structure-borne  noise  is  of  minor  importance,  has  a  highest 
propeller-blade  excitation  frequency  of  20  cps  (1200  cpm),  the  natural  frequencies  of  resiliently 
mounted  equipment  should  be  at  least  25  cps  (1500  cpm)  and  preferably  28  cps  (1680  eprn). 

On  this  basis,  many  units  of  radio  and  radar  equipment  have  been  installed  with  mountings 
having  a  natural  frequency  of  25  cps  under  rated  load.  For  many  classes  of  surface  ships,  the 
typical  vibratory  displacement  of  the  hull  is  about  15  mils  single  amplitude  vertically,  about 
two  thirds  of  that  horizontally,  and  less  than  one-third  fore  and  aft  in  the  few  instances 
measured.  On  infrequent  occasions,  particularly  du'ing  hard  turns,  magnitudes  .several  times 
as  great  occur.  Certain  maximum  environmental  v  are  given  in  MIL-STD-167  (Ships), 
“Mechanical  Vibrations  of  Shipboard  Equipment,”  lO  Oec  1954. 

Submarines  have  propeller-blade  excitation  frequencies  up  to  31  cps  (1850  cpm).  In 
order  to  reduce  as  much  as  possible  the  transmissibility  of  noise  from  machinery  through  the 
hull  into  the  water,  the  trend  is  to  install  mountings  with  natural  frequencies  ranging  from  3 
to  15  cps  at  rated  loads. 

Steady-state  vibration  is  noticeable  throughout  the  entire  hull  only  near  the  critical 
speeds,  that  is,  when  either  the  shaft  frequency  or  blade  frequency  approximately  coincides 
with  ono  of  the  natural  frequencies  of  the  hull,  but  at  intermediate  excitation  frequencies, 
there  may  ho  little  or  ro  vibration  on  the  ship  anywhere  except  at  th<^  Qtprn.  Th^  forced 
vibration  is  usually  most  severe  at  high  speeds  and  is  aggravated  on  ships  with  large  overhangs 
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at  the  stern.  The  vibrations  n\ay  have  larger  amplitudes  on  superstructure  members  such  as 

masts  or  directors.  If  these  members  are  located  near  a  nodal  point  of  the  hull  for  the  particular 

mode  of  vibration  that  is  present,  they  may  be  set  in  rotational  motion  because  the  nodal  point 

is  a  point  of  maximum  change  of  slope.  If  their  own  natural  frequencies  lie  near  one  of  the 

/ 

natural  frequencies  of  the  hull,  the  amplitude  at  the  top  will  be  much  greater  than  that  at  the 
base. 

The  installation  of  equipment  in  structures  such  as  masts,  directors,  high  superstructures, 
and  fantails  should  bo  avoided  wherever  feasible.  Sometimes  equipment  Uiat  n^eds  to  be  re- 
siliontly  u^ounted  can  be  located  at  a  lower  level  in  the  ship  away  from  the  fantail.  Loca¬ 
tions,  such  as  light  bulkhead  plating  which  may  itself  resonate  at  excitation  frequencies 
within  the  operating  speed  range  of  the  ship,  should  also  be  avoided  w'hether  or  not  the  equip* 
p.ent  IS  rosil\entl\  mounted."  Tins  docs  not  preclude  supporting  the  oauinmont  on  bulkhead 
sti  ffeners. 

The  other  aspect  of  vibration,  excitation  of  equipment  by  its  own  Uioving  parts,  also 
requires  some  comnient.  l.-nbalances  of  internal  rotating  parts  can  cause  excessive  vibration 
if  the  resulting  excitation  frequency  is  close  to  one  of  the  natural  frequencies  of  vibration  of 
the  equipment  on  its  mountings.  If  suitable  natural  frequencies  of  the  equipment  on  its  mount- 
caiiiiuL  be  obtained  by  rearrangement  or  substitution  of  mountings,  then  the  vibration 
displacoments  can  be  reduced  by  substitution  of  different  types  of  equipment  when  available, 
such  as  those  with  different  operating  speeds. 

Ways  to  avoid  excessive  vibration  have  been  described  previously,  but  no  quantitative 
statement  has  been  offered  as  to  what  constiUites  excessive  vibration.  Without  attempting  an 
exact  definition,  it  may  bo  said  that  vibration  is  excessive  when  it  causes  damage  or  there  is 
danger  of  damage  to  structural  components,  when  it  interferes  with  the  operation  or  causes  mal¬ 
function  of  equipment,  or  when  it  is  an  unnecessary  and  avoidable  nuisance. 

Some  resonance  frequencies  of  resiliently  mounted  equipment  prove  be  relatively  un¬ 
important  because  of  the  absence  of  excitation  for  these  corresponding  modes  of  vibration. 
Orientation  of  equipment  may  permit  disregard  of  those  modes,  liquipmonl  and  machinery  on 
shipboard  are  normally  oriented  in  a  fore-and-aft  direction.  Since  there  is  little  excitation  of 
equipment  in  this  direction,  either  internally  or  externally,  modes  of  vibration  in  a  fore-and- 
aft  direction  are  not  as  important  as  other  modes  with  the  exception  of  those  of  longitudinal 
vibration  of  the  propulsion  machinery. 

1.4.2*  SMOCK  MOTION 

Shock  excitation  of  resiliently  mounted  equipment  is  produced  by  motions  of  the  sup* 
ports  of  the  resilient  mountings.  These  supports  or  foundations  have  shock  motions  involving 
sudden  velocity  changes  which  may  be  as  great  as  75  fps  and  may  occur  in  about  2  msec.  The 
inechani.sm  of  shock  excitation  is  treated  in  several  references  and  will  not  be  repealed  except 
to  mention  that  its  effect  vanes  considerably  depending  on  many  factors  including  size  and 


9 


weic  of  the  equipment,  its  location  in  the  ship,  the  class  of  ship,  the  time  history  of  the 
shock  excitation,  and  the  response  characteristics  of  the  equipment  and  its  components.  Only 
the  following  topics  will  be  discussed:  the  significance  of  the  Military  and  Bureau  of  Ships 
specifications,  acceptance  testing  for  shock  motion,  the  influence  of  equipment  location  on 
severity  of  shock,  and  design  changes  that  may  improve  resistance  of  equipment  to  shock 
motion. 

The  following  specifications  have  been  issued  for  evaluating  the  performance  of  equip¬ 
ment  under  shock  and  vibration: 

(a)  Military  Specification  MIL-S-90l^  describes  shock  tests  only  for  Class  HI  (High- 
Impact)  shockproof  equipment. 

(b)  Military  Specification  MIL-T-17113  (SHIPS)"^  prescribes  shock  tests  and  is  used 
primarily  for  evaluating  electronic  equipment.  In  this  specification,  tests  on 
the  mediumweight  shock  machines  are  divided  into  Class  A  and  Class  B  shock 
tests.  Tests  on  lightweight  shock  machines  are  conducted  with  reduced  heights 
of  hammer  blows  as  compared  with  tests  specified  in  Specification  MIL-S-901. 

In  MIL-T-17113  (SHIPS),  provisions  are  also  made  for  testing  equipment  with 
or  without  resilic3nt  mountings. 

Thoso  specifications  and  testing  machines  aro  used  by  the  Navy  to  givo  some  assurance  that 
equipment  passing  such  tests  will  give  satisfactory  performance  in  service. 

The  location  of  the  equipment  aboard  ship  has  considerable  influence  on  the  severity 
of  shock  motion  that  must  be  withstood.  For  excitations  caused  by  underwater  explosions, 
the  most  severe  condition  occurs  when  the  equipment  is  mounted  on  the  hull  itself,  especially 
the  hull  plating,  which  is  subject  to  direct  impact  of  the  explosion  pressure  wave.  There  is 
a  trend  toward  decrease  in  shock  severity  with  increased  distance  of  the  equipment  from  the 
hull.  Air  blast  caused  by  gun  fire  or  exploding  bombs  can  also  cause  shock  excitation  of  ex¬ 
posed  structures  such  as  decks,  side  plating  of  superstructures,  and  directors.  Wherever 
possible,  equipment  should  not  bo  exposed  to  such  excitations  by  attachment  to  the  inner 
sides  of  directly  exposed  structures. 

Shock  tests  and  “striking”  tests  show  that  the  vibration  of  structures,  such  as  bull, 
side  plating,  and  decks,  is  excited  at  many  natural  frequencies  simultaneously.  In  a  number 
of  tests,  the  dominant  vibrations  (the  components  of  vibrations  having  the  largest  amplitudes) 
for  surface  ships  wore  in  the  range  from  35  to  100  cps,  with  many  at  about  50  cps.  For 
submarines,  the  dominant  frequencies  were  higher,  principally  in  the  range  of  100  to  400 
cps. 2  These  are  frequencies  at  which  the  structures  respond,  and  they  would  be  Uie  principal 
frequencies  of  shock  motion  at  the  points  of  attachment  of  mountings  if  equipment  were  in¬ 
stalled  hero. 

Modifications  in  the  design  of  equipment  have  often  made  it  capable  of  withstanding 
shock  excitation  without  the  uso  of  resilient  mountings.^  Items  such  as  switches  and  levers 
have  been  designed  with  counterweights  to  prevent  nial operation.  Methods  of  .supf)Oit  and 
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fastening  have  been  altered,  and  materials  have  been  substituted  so  that  now  many  items  can 
be  solidly  mounted.  Equipment  with  rotating  or  reciprocating  parts  has  been  strengthened  by 
increasing  bearing  diameters  and  lengths  and  shaft  diameters,  so  that  shock  damage  is  elimin* 
ated  or  reduced  and  the  machinery  operates  satisfactorily  despite  the  excitations.  However, 
equipment  of  this  sort  for  submarine  service  and,  eventually,  for  certain  types  of  surface  ves* 
sels  may  still  require  resilient  mountings  to  reduce  the  transmission  of  noise  to  the  water  and 
to  sonar  gear. 

1.4.3.  NOISE 

Structure-borne  and  air-borne  noise  is  generated  on  shipboard  by  rotating  and  reciprocat¬ 
ing  parts  of  mechanical  equipment,  by  electrical  equipment,  and  by  moving  fluids.  The 
structure-bovne  noise  is  of  primary  importance  at  present  in  the  study  of  methods  for  reducing 
noise.  In  resiliently  mounted  equipment,  structure-borne  noise  is  transmitted  through  the 
mountings  and  ship  structure  to  other  parts  of  a  ship  and  radiated  into  the  water,  generating 
water-borne  noise.  Structure-borne  noise  may  be  loosely  defined  to  be  vibration  with  small 
amplitudes  and  with  frequencies  above  about  20  cps;  structure-borne  noise  is  the  vibration  of 
structures  that  will  generate  sound  waves  in  the  surrounding  fluid  mediums.  In  a  broader 
sense,  it  may  be  defined  as  vibration  at  any  frequency  and  amplitude  that  interferes  with  a 
ship’s  own  listening  devices  or  that  may  be  detected  by  another  ship.  Other  sources  of  noise 
on  shipboard,  such  as  propeller  noise,  hydrodvmamic  noise,  and  propeller-shaft  squeals,^  are 
not  discussed  since  they  are  not  of  concern  in  the  selection  of  mountings. 

At  present,  resilient  mountings  are  used  for  machinery  on  submarines  primarily  to  re¬ 
duce  noise.  It  is  expected,  however,  that  certain  types  of  surface  vessels  with  specialized 
service  requirements  may  also  require  this  protection.  More  extensive  discussion  of  the  influ¬ 
ence  of  location,  design,  and  mountings  on  noise  transmission  has  been  given  elsewhere.^ 

Equipment  with  rotating  and  reciprocating  parts  can  generate  noise  of  three  types:^ 

1.  Noise  of  definite  frequencies,  for  example: 

(a)  Running  frequency  caused  by  unbalanced  rotating  parts; 

(b)  Gear  noise  at  a  frequency  equal  to  shaft  speed  times  the  number  of  teeth; 

(c)  Noise  at  armature  slot  frequency,  which  is  a  frequency  equal  to  the  shaft 
speed  times  the  number  of  slots;  and 

(d)  Noino  at  the  commutator  frequency. 

2.  Noises  of  definite  frequencies  which  do  not  change  with  the  speed  of  the  machines, 
such  as  free  vibrations  of  machine  components,  the  subbase,  or  the  foundation,  caused  by 
impact  of  machine  parts  such  as  cams  or  valves. 

Random  noises  caused  by  impacts  occurring  at  irregular  intervals. 

Resilient  mountings  can  reduce  the  structure-borne  noise  transmitted  to  the  ship  struc¬ 
ture  and  to  the  water.  The  lower  the  rated  natural  frequency  of  the  mounting,  the  greater  will 
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be  the  overall  attenuation  of  noise.  Reducing  the  rated  natural  frequency  may^  on  the  other 
hand,  create  problems  in  the  stability  of  equipment,  particularly  under  such  motions  as  roll 
and  pitch. 

The  loading  on  the  mountings  cannot  always  be  exactly  the  design  loading.  For  re¬ 
duced  noise  transmission,  it 's  better  for  a  mounting  to  be  moderately  overloaded  timn  con¬ 
siderably  underloaded.  Subject  to  experimental  verification,  it  is  believed  that  overloads 
in  the  order  of  10  percent  will  not  materially  affect  the  strength  of  a  mounting  under  shock 
excitation. 

A  characteristic  of  mountings  that  must  be  considered  in  attempting  to  reduce  noise 
transmission  is  the  phenomenon  of  standing  waves  or  resonance  vibration  within  the  mountings 
tlien^selves.  For  this  reason,  a  reduction  of  the  rated  natural  frequency  of  the  mounting  does 
not  necessarily  guarantee  a  reduction  in  transmission  throughout  the  noise  spectrum.  It  may 
happen  that  one  of  the  excitation  frequencies  coincides  with  one  of  the  standing  wave  reso¬ 
nances,  causing  greater  noise  transmission  at  this  frequency. 

It  is  not  necessary  to  reduce  the  noise  of  all  equipment;  it  would  be  futile  to  reduce 
noise  of  cortiiin  units  while  units  with  much  greater  noise  levels  are  not  inifiroved.  The 
priority  of  items  in  a  noise-reduction  program  depends  also  on  the  operating  condition  of  the 
ship.  In  submarines,  the  first  step  has  been  to  improve  noisy  machinery  items  that  must  be 
operated  during  listening  condition.  Further  study  is  needed  on  the  effects  of  transmission 
of  noise  into  the  water  by  intervening  structure  between  a  machine  and  the  hull  and  the 
sub-problem  of  the  design  of  the  mounting  supports,  that  is,  the  foundation  of  the  machine. 

But  if  the  more  important  noisemakers  on  submarines,  especially  those  that  need  to  be  oper¬ 
ated  during  listening  condition,  can  be  segregated  and  located  remotely  from  listening  devices, 
the  listening  ability  of  a  submarine  can  be  improved  considerably. 

In  selecting  mountings  and  in  planning  the  installation  of  machinery,  precautions  should 
be  taken  lost  the  beneficial  effects  be  spoiled  by  the  incidental  introduction  of  acoustical 
shorts.  For  example,  flexible  couplings  for  shafting  and  piping  and  flexible  conduit  for  elec¬ 
trical  wiring  need  to  be  [irovided.  Piping  may  need  to  be  further  isolated  by  suspending  it  in 
rubber-lined  hangers. 

Redesign  of  machinery  can  reduce  its  noise  generation.^  The  use  of  helical  and  worm 
gears  instead  of  spur  gears,  nonmetallic  gears  or  belts  instead  of  metallic  gears,  and  sleeve 
bearings  instead  of  ball  bearings  often  helps  to  reduce  noise  at  its  source.  Dynamic  as  well 
as  static  balancing  of  rotating  parts  reduces  the  exciting  forces,  as  does  proper  design  of 
slots  and  poles  of  motors  and  generators. 

The  final  test  of  the  effectiveness  of  a  noise-reduction  program  is  a  noise  survey. 

1.5.  ELASTIC  FOUNDATIONS  AND  EQUIPMENT 

In  presenting  methods  for  the  calculation  of  natural  frequencies  of  vibration  in  Chapter 
3,  it  will  be  assumed  timt  the  mountings  are  attached  to  infinitely  stiff  foundations  and  that 
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the  equipment  is  also  infinitely  stiff  internally.  To  make  those  calculations  applicable,  the 
subbase,  logs,  frame,  and  principal  corr.pononts  must  be  rigid  enough  so  that  the  assumed  in¬ 
finite  stiffness  is  validly  approximated.  These  assumptions  aro  not  valid  for  all  shipboard 
installations. " 

If  the  foundation  to  which  an  isolation  mounting  is  attached  is  flexible  and  relatively 
n;assle,ss,  then  the  natural  frequencies  of  the  assembly  will  bo  lower  than  those  calculated, 
without  correcting  for  flexibility  of  foundations.  If  the  foundation  has  appreciable  mass  as 
well  as  flexibility,  the  assembly  will  have  additional  degrees  of  freedom  nnd  the  normal  anal- 
will  not  1)0  entirely  valid.  In  this  case,  hocauso  of  ro-onancos  in  higher  modes,  magni¬ 
fication  ir.ay  appear  at  frequencies  where  the  analysis,  without  correction,  would  predict  atten¬ 
uation.  This  effect  iiiay  result  in  greater  noise  transmission  than  anticipated  in  certain  fre¬ 
quency  ranges. 

The  possibility  of  increased  transmissibility  duo  to  elasticity  of  foundations  can  be 
minimized,  parficularly  for  equipment  such  as  machinery  with  internal  vibration  excitation,  by 
avoiding  die  installation  of  equipment  on  light  bulkhead  or  deck  plating.  Where  resilient 
mountings  nre  used,  equipment  foundations  should  be  integrally  stiff  and  securely  attached  to 
cho^e  Stiffeners  of  the  ship  structure  which  carry  the  equip.neiit  load.  These  precautions  re¬ 
duce  the  response  of  equipment  to  propulsion-system  excitation  and  may  reduce  noise  trans¬ 
mission  . 

Flexibility  of  equipment  has  effects  on  the  transmissibility  curve  similar  to  the  effects 
of  f'exibility  of  foundations.®  I{osonances  will  appear  superimposed  on  the  attenuation  por¬ 
tion  of  the  transmissibility  curve  depending  on  the  number  of  components  in  the  equipment 
with  supports  of  low  relative  stiffness  and  on  the  weights  of  these  components.  Normally  the 
magnification  factor  of  the  equipment,  will  not  greatly  exceed  unity;  therefore  vibration  trans¬ 
mission  need  not  be  severe.  Damaging  effects  may  occur,  however,  if  internal  components 
are  in  resonance  with  vibration  excitations.  Testing  the  equipment,  when  not  too  large,  in 
shock  machines  or  even  vibration  machines  will  indicate  whether  damage  may  occur  because 
of  relatively  low  stiffness  within  the  equipment  itself.  If  there  is  internal  excitation,  reduction 
of  noise  transmission  from  the  equipment  may  be  difficult  unless  .some  of  its  components  can 
be  redesigned. 

Experience  has  indicated  that  for  installations  where  equipment  was  relatively  limber, 
such  as  radio  units  with  light  frames  and  heavy  transfonnor  components,  the  actual  fundamen¬ 
tal  natural  freoucncN  of  the  unit  of  equipment  on  four  mountings  was  15  to  20  percent  lower 
than  the  computed  natural  frequency.  If  the  stiffness  of  the  equipment,  as  determined  by  vibra¬ 
tion  tests  on  it'^  mountings,  is  compared  with  that  of  an  equal  solid  or  stiff  mass  on  the  same 
mountings,  then  a  stiffness  ratiu  liian  unity  is  obtained.  The  reciprocal  of  this  stiffness 
ratio,  the  flexibility  factor,  when  multiplied  by  the  actual  mounting  stiffness  results  in  a  re¬ 
quired  stiffness  on  the  basis  of  w'hich  mountings  may  bo  selected.  The  actual  mounting  stiff- 
ne  wfmld  still  bo  used  in  calca lation.^^ ,  but  the  selection  of  a  somewhat  stiffer  mounting, 
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determined  by  multiplying  the  actual  stiffness  of  the  (r»ounting  by  the  flexibility  factor,  would 
compensate  for  the  flexibility  of  the  equipment.  In  a  similar  manner,  if  the  foundation  itself 
is  flexible,  the  flexibility  factor  may  be  determined  from  the  stiffness  ra*.io  by  a  vibration  test 
of  the  equipment  on  flexible  foundations  in  comparison  with  an  infinitely  rigid  base.  The 
flexibility  factor  is  never  less  than  unity. 

For  lightly  constructed  equipment  on  four  mountings,  flexibility  factors  as  great  as  1.4 
have  been  observed.  For  sturdy  radio  and  radar  units,  the  ratio  may  be  1.1  or  1.2.  The  use 
of  more  than  four  mountings  tends  to  reduce  this  factor  because  of  support  provided  by  the 
mounting  fittings.  For  motors  and  machinery  of  small  to  medium  size,  the  factor  can  be  assumed 
to  be  unity,  particularly  if  components,  such  as  rotors  and  shafting,  have  comparatively  large 
diameters.  Whether  tliis  will  hold  true  for  larger  units,  such  as  diesel  engines,  remains  to  be 
determined  by  design  computations  and  shipboard  vibration  tests. 

It  must  be  adinitted  that  there  are  very  few  experimental  data  concerning  the  flexibility 
of  equipment  and  of  foundations.  However,  the  approach  discussed  above  is  believed  to  result 
in  better  approximations  to  desired  natural  frequencies  of  installed  resiliently  mounted  equip¬ 
ment.  In  any  case,  the  amount  of  cut-and-try  should  be  reduced. 

1.6,  CLEARANCE 

Adequate  clearances  around  mountings  and  equipment  are  necessary  Vo  permit  the 
mountings  to  function  properly  and  to  prevent  damage  to  the  mountings  and  equipment  because 
of  excessive  shock  or  vibratory  displacements.  On  the  other  hand,  since  equipment  with  re¬ 
silient  mountings  occupies  more  space  than  rigidly  mounted  equipment,  no  more  space  must 
be  requisitioned  than  is  actually  necessary. 

The  value  of  the  maximum  expected  deflection  of  mountings,  including  allowable  de¬ 
formation  of  metal  parts,  must  be  known  in  order  to  determine  the  necessary  clearance  for  a 
unit  of  equipment.  According  to  data  now  available,  the  greatest  deflection  occurs  during 
shock  machine  tests  and  the  least  when  the  mounting  is  subjected  to  the  prescribed  static 
test  load.  Deflections  obtainnd  during  full-scale  shock  tests  are  between  these  extremes.  As 
a  general  rule,  mountings  should  not  be  installed  aboard  naval  ships  until  samples  have  been 
subjected  to  at  least  shock,  static  load-deflection,  and  vibration  tests  to  obtain  information 
for  calculating  clearances.  Specific  information  on  deflections  for  mountings  should  be  ob¬ 
tained  by  reference  to  reported  characteristics  of  resilient  mountings  or  to  the  latest  Bureau 
of  Ships  Instruction  9110.4. 

Another  consideration  in  the  selection  of  resilient  mountings  for  equipment,  particu¬ 
larly  for  shock  isolation,  is  the  amount  of  permissible  travel  or  deformation  of  the  mounting. 

This  depends  upon  design  and,  in  the  case  of  rubber  mountings,  on  the  thickness  of  rubber 
in  the  direction  of  travel.  A  mounting  of  good  design  will  have  minimum  overall  size  for  a 
particular  load  rating  and  spring  constant,  thus  conserving  space  in  the  installation  of  equip¬ 
ment.  A  necessary  precaution  is  the  avoidance  of  hard  bottoming  of  the  equipment  either 
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because  of  inadequate  mounting  design  or  because  of  inadequate  clearances  of  adjacent 
structures. 

The  selected  value  of  deflection  gives  directly  the  clearances  needed  for  translational 
modes  of  motion.  From  this  value  and  the  dimensions  of  the  equipment,  clearanc  js  for  rota¬ 
tional  modes  may  be  computed,  and  those  for  rocking  modes  may  be  estimated. 

Th  ’  required  clearance  C  fin  inches)  around  equipment  may  be  determined  approximately 
for  various  mounting  arrangements  as  follows: 

1.  For  three  pianos  of  symmetry  as  illustrated  by  a  center-of-gravity  mounting  arrangement, 
Figure  8a,  the  clearance  C  around  the  equipment  should  be  equal  to  the  maximum  deflection 
that  occurs  across  the  mounting  in  either  the  axial  or  radial  direction.  In  cases  where  the 
center  of  gravity  is  asymmetrically  located  within  the  equipment,  greater  clearance  may  have 
to  be  provided  at  points  remote  from  the  center  of  gravity. 


Fi^.ire  8a  -  Center  of  Gravity  Figure  8b  -  Base 

Figure  8  •  Mounting  Arrangements 


2.  For  two  planes  of  symmetry  as  illustrated  by  a  base  or  bottom  mounting  arrangement, 
Figure  8b,  the  clearance  C  can  be  calculated  from  the  approximate  formula^ 


C  - 
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where  D  is  the  maximum  expected  deflection  of  the  mounting  in  the  axial  direction,  inches, 

E  is  the  maximum  expected  deflection  of  the  mounting  in  the  radial  direction,  inches, 

II  is  the  perpendicular  distance  from  the  plane  of  the  mountings  to  the  point  on  the 
equipment  (see  footnote  on  page  iv  of  Reference  9)  in  inches,  and 
S  is  the  distance  between  cente  of  the  most  widely  spaced  mountings  in  the  direc¬ 
tion  being  considered,  inches. 

3,  For  one  plane  of  symmetry  as  illustrated  by  a  braced  mounting  arrangement,  Figure  8c, 
the  clearance  C  around  the  equipment  should  be  equal  to  the  maximum  deflection  that  occurs 
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across  the  inounting  in  either  the  axial  or  radial  directions.  If  the  mountings  are  attached 
away  from  the  corners  of  (he  equipment,  that  is,  if  the  top  mountings  are  lowered  or  the 
bottom  mountings  are  spaced  closer  together,  re-evaluation  of  the  mounting  geometry  must  be 
considered  and  allowance  must  be  made  for  greater  clearance. 

If  two  resiliently  mounted  units  are  placed  next  to  each  other,  the  clearance  between 
them  must  bo  the  sum  of  the  clearances  required  for  each  of  the  units  since  the  motions  of  the 
units  may  be  out  of  phase.  Protuberances  such  as  knobs,  sockets,  nuts,  dimples,  and  flanges 
must  bo  accounted  for  in  providing  clearances.  If  there  is  a  rigid  conduit  or  pipe  attached  to 
the  equipment,  then  adequate  clearance  must  be  provided  around  the  piping  up  to  points  of 
flexibility,  such  as  rubber  or  bellows  joints  or  flexible  U-bends,  to  prevent  striking.  In  some 
instances,  clearance  may  have  to  be  provided  beyond  these  points  of  flexibility  in  the  form  of 
rubber-lined  hangers  for  the  pipe  or  conduit. 

In  detailing  the  attachment  of  the  resilient  mounting  to  the  equipment  or  subbase  and 
to  the  foundation  or  supports,  provision  must  be  made  for  free  motion  of  the  resilient  elements 
of  the  mounting.  This  is  illustrated  in  Figure  9  for  a  Portsmouth  3ST  mounting,  if  the  hole 
in  the  subbase  plate  were  small  so  that  the  plating  extended  to  points  the  rubber  of 

thu  mounting  would  strike  the  subbasc  plate  and  eventually  fail  because  of  the  cutting  and 
abrading  action  of  the  plate.  The  hole  in  the  subbase  plate  should  be  made  as  largo  as  pos¬ 
sible,  consistent  with  strength,  leaving  sufficient  material  at  the  bolt  holes.  Chamfering  the 
plate  edge  is  also  beneficial. 

Finally,  all  the  care,  effort,  money,  and  time  expended  in  selecting  and  applying  resil¬ 
ient  mountings  goes  for  nought  if  indiscriminate  permission  is  given  to  use  the  clearance 
spaces  for  other  purposes.  It  is  true  that  certain  parts  of  the  clearance  spaces  can  be  more 
fully  utilized,  but  the  mounting  engineer  should  always  have  authority  as  well  as  responsibil¬ 
ity  to  control  this  space  in  order  to  prevent  not  only  the  nullification  of  isolation  but  also 
damage  to  the  equipment. 

It  is  difficult  to  establish  crileriti  of  acceptable  maximum  motion  for  resiliently  mounted 
equipment  because  each  installation  has  to  be  judged  separately.  Previously,  a  procedure  for 
calculating  the  clearances  required  for  motion  of  the  equipment  duo  to  shock  excitation  was 
presented,  if  sufficient  space  is  not  available  for  the  clearance  required  for  a  bottom  mount¬ 
ing  arrangement,  or  if  the  violent  motion  is  such  that  the  equipment  intrudes  in  space  whore 
personnel  normally  are  working,  then  the  equipment  may  be  damaged  or  personnel  injured.  In 
these  instances,  it  is  often  better  to  use  braced  mounting  arrangements  or  stabilizing  mount¬ 
ings  Lo  reduce  the  excessive  rocking  motion  of  the  equipment. 

There  are  other  circumstances  under  which  motions  may  be  oven  larger,  usually  for 
bottom  mounting  orrangoments.  The  equipment  may  sway  from  one  extreme  position  to  another 
because  of  a  ship’s  rigid-body  motions  sucl  as  rolling  and  pitching.  It  is  not  likely  that  in¬ 
stallations  will  be  encountered  in  which  gravity  will  have  an  important  effect  on  any  of  the 
natural  frequencies  of  the  mounted  eciuiprnont.  Moreover,  since  the  lowest  freciuency  of  the 
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assembly  will  usually  be  at  least  several 
times  as  high  as  the  frequency  of  the  ship’s 
rigid-body  motions,  no  resonance  magnifica¬ 
tion  of  these  slow  motions  into  a  large  move¬ 
ment  of  the  assembly  relative  to  the  ship 
structure  is  likely  to  occur.  However,  in 
mounting  equipment  with  a  high  center  of 
gravity  relative  to  the  width  of  the  base,  the 
static  deflection  due  to  inclination  of  the  ship 
in  a  seaway  should  be  estimated  for  an  angle 
of,  say,  30  dog.  If  it  is  found  that  the  upper 
corners  of  the  assembly  would  take  up  a  large 
part  of  the  clearance,  additional  clearance 
should  be  allowed.  If  the  required  clearance 
becomes  excessive,  the  effect  of  static  in* 


Figure  9  •  Detail  of  Portsmouth  BST 
Mounting  Attached  to  Subbaso 
and  Foundation 


clination  can  be  decreased  by  setting  mount¬ 
ings  farther  apart,  introducing  stabilizing 
mountings,  or  changing  to  a  braccd-inounting  arrangement.  When  the  mountings  are  set  farther 
apart,  the  natural  frequencies  of  the  system,  particularly  for  rocking  and  rotational  modes, 
should  be  checked  to  insure  that  the  relocation  of  the  mountings  does  not  result  in  unsatis¬ 
factorily  high  natural  frequencies. 


17.  PRECAUTIONS 

The  follov/ing  check  list  of  precautions  that  should  be  taken  in  the  use  of  resilient 
moi.ntings  is  appended  for  convenience.  The  list  includes  the  principal  points  already  men¬ 
tioned  and  additional  minor  items. 

17.1.  INSTALLATION 

1.  fhe  rubber  resilient  elements  of  mountings  should  not  be  painted. 

2.  The  rubber  elements  of  mountings  should  be  protected  from  the  effects  of  oil.  Where 
this  is  inconvenient,  the  rubber  should  bo  of  oil-resistant  shock. 

3.  All  welding  or  flame  cutting  of  structures  in  way  of  mounting  locations  shall  be  per¬ 
formed  prior  to  the  installation  of  resilient  mountings. 

1.  The  installation  of  mountings  and  the  alignment  of  mounting  surfaces  of  equipment  and 
foundations  shall  be  such  as  to  insure  that  all  load-carrying  mountings  with  the  same  rated 
load  capacity  and  stiffness  have  equal  deflection  under  load.  Holes  for  bolts  for  securing 
mountings  fo  foundations  and  holes  in  the  feet  or  subbases  of  equipment  shall  be  aligned  to 
prevent  any  distortion  of  the  mountings, 
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5.  Some  :nountinp?.s  are  designed  to  be  loaded  in  a  specific  directioa  Care  should  be  taken 
to  insure  that  all  such  mountings  are  installed  so  as  to  be  loaded  in  the  correct  direction, 

6*  Mountings  used  as  stabilizers  are  not  to  share  the  dead  load  of  the  equipment  and 
should  not  be  statically  deflected  after  the  equipment  is  installed. ♦  Mountings  in  a  stabilizer 
arrangement  are  not  to  be  confused  with  braced*mounting  arrangements.  In  the  latter  arrange¬ 
ment,  all  mountings  share  their  design  portion  of  the  dead  load, 

7.  Bolts  designed  to  be  stressed  in  shear  shall  be  installed  in  holes  with  minimum  clear¬ 
ance. 

8.  Bolt  material  should  be  as  specified  in  the  Interim  Military  Specification  MIL-M-17185 
(SHIPS)  dated  12  May  1952. 

9.  Sufficient  clearances  should  be  provided  around  equipment  installed  on  mountings  to 
prevent  the  equipment  from  striking  ship  structure  or  other  fixed  or  resiliently  mounted  equip¬ 
ment. 

10.  No  conduit,  pipe,  or  other  item  should  be  located  in  the  clearance  spaces  around  re- 
siliontU  mounted  eouipmont  witiiout  approval  of  the  mounting  engineer. 

11.  Piping  connected  to  resiliently  mounted  equipment  should  have  long  runs,  preferably 
two  90*dog  bends,  and  rubber-lined  hangers  close  to  the  equipment,  where  necessary,  in  order 
to  minimize  restraint  of  the  equipment  by  the  piping.  Flexible  couplings  should  be  installed 
in  each  line  close  to  the  mounted  machinery,  and  their  effect  on  natural  frequency  should  be 
estimated. 

12.  Electric  ground  straps  shall  be  provided  for  all  resiliently  mounted  equipment  for  the 
safety  of  personnel.  Ml  cables,  flexible  connectors,  and  ground  straps  shall  bo  so  attached 
that  no  pull  is  exerted  on  Uie  equipment,  and  sufficient  slack  shall  be  allowed  for  movement 
oT  the  equipment  on  mountings  under  shock  conditions. 

1.7.2.  SERVICING  OF  MOUNTINGS 

13.  In  regard  to  overhaul,  inspection,  drift,  and  replacement  of  mountings,  shipbuilding  and 
design  activities  should  refer  to  Bureau  of  Ships  Instructions  9110.4  and  9110.5  for  latest  in¬ 
formation, 

1.7.3.  EQUIPMENT 

14.  rho  manufacturer  should  dotennine  and  furnish  the  weight,  location  of  the  center  of 
gravity,  moments  of  inertia  about  the  principal  axes,  and  operating  speeds  of  his  equipment. 


*£ven  though  they  carry  no  ntatlc  load,  snubbors,  stahllizera,  braceSi  and  all  pipe  connections  affect  the 
natural  frequencies  of  a  system  to  Home  degree.  All  that  can  be  said  about  their  effects  la  that  they  tend  to  ralae 
the  natural  frequencies  of  the  system;  not  enough  work  has  been  done  lo  evaluate  quontltatlvely  the  spring  con¬ 
stants  of  thcKC  flexible  connections.  By  imposing  no  static  load  on  these  devices,  their  effects  are  minlrnlred. 
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15.  The  weight  of  liquid,  if  any,  should  be  considered  in  determining  the  data  in  14. 

16.  Coiupononts  of  an  item  of  equipinont  as  well  as  the  assembly  of  a  number  of  units  on 

a  common  subba.se  should  be  arranged  so  that  the  moments  of  inertia  do  not  differ  by  a  ratio  of 
inore  than  5  :  1;  preferably  they  should  bo  as  close  to  1  :  1  as  i.s  possible, 

17.  Manufacturers  and  technical  sections  responsible  for  procurement  of  shipboard  equip* 
niont  have  joint  responsibility  in  determining  in  the  early  design  stages  whether  it  is  likely 
that  resilient  mountings  will  be  used.  If  it  is  decided  that  there  i.s  a  pos.sibility  that  mount¬ 
ings  will  be  used,  the  equipment  designer  should  give  consideration  to  and  provide  for  several 
alternate  methods  for  attaching  mountings  to  equipment, 

1.7.4.  SELECTION  AND  APPLICATION  OF  MOUNTINGS 

18.  The  effect  of  liquid  in  the  equipment,  if  any,  and  the  effect  of  piping  and  conduit 
associated  with  the  equipment  should  be  considered  in  calculating  natural  frequencies. 

10.  Kor  individual  units  and  for  subbase  assemblies,  16  applies, 

20.  Kosilionl  mountings  for  shipboard  use  must  be  designed  with  “captive  features,” 

This  is  requirod  to  prevent  the  equipment  from  coming  adrift  in  the  event  of  failure  of  the 
resilient  element  duo  to  normal  service  conditions  or  to  shock. 

21.  Acoustical  short.s  acros.s  mountings,  such  as  rigid  conduit  and  straps,  must  be  avoided. 

22.  llosonance  of  mountings  with  exciting  frequencies  of  the  equipment  should  be  avoided. 

23.  Mounting.'*  should  be  fastened  to  foundations  or  stiffener-s,  not  to  bulkheads,  docks,  or 
tank  plating  unles.s  they  are  sufficiently  stiffened, 

24.  Subbases  and  foundations  should  be  designed  to  be  rigid  and  yet  light  in  weight. 

25.  In  calculating  natural  frequencies,  allowance  should  be  made  for  nonrigid  foundations 
and  equipment. 

26.  Clearances  around  mountings  and  around  equipment  should  be  determined  as  described 
previou.sly. 
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chapter: 

INFORMATION  REQUIRED  FOR  CALCULATING  NATURAL  FREQUENCIES 


Fiofore  the  natural  frequencies  of  a  re.siliently  mounted  assembly  can  be  calculated, 
certain  properties  of  the  equipment  and  resilient  niountings  must  be  known  or  determined.  This 
information  is  also  of  use  in  selecting  from  various  suitable  mountings  the  one  that  best  satis¬ 
fies  the  design  requirements  for  the  particular  installation. 

2.1.  PERTINENT  PROPERTIES  OF  EQUIPMENT 

Information  needed  and  methods  for  obtaining  dimensions,  weight,  center  of  gravity, 
moments  and  products  of  inertia,  radii  of  gyration,  principal  axes  of  equipment,  and  speed  of 
machinery  will  be  presented. 

2.1  1.  DIMENSIONS 

The  profiles  and  dimensions  of  equipment  in  three  views  are  needed  to  determine  space 
and  clearance  requirements.  If  a  subbase  is  to  be  used,  its  length  and  width  are  needed  to 
tlolermine  possible  fKjsitionings  of  resilient  mountings;  however,  the  subbase  dimensions  may 
have  to  bo  changed  later  to  obtain  an  assembly  with  appropriate  natural  frequencies.  The  po¬ 
sitions  of  bolt  holes  in  the  supporting  legs  of  the  equipment  also  must  be  known,  either  for 
locating  the  mountings  or  for  designing  o  subbase. 

2.1.2.  WEIGHT 

The  weight  must  be  determined  for  each  item  of  machinery  and  equipment.  The  sim¬ 
plest  method  of  weighing  is  with  a  platform  scale.  A  crane  scale  or  hook  dynamometer,  if 
available,  is  often  convenient  for  larger  units.  Equipment  already  installed  can  be  weighed 
in  place  with  a  calibrated  hydraulic  jack  or  with  a  weighing  capsule.  It  must  be  remembered 
that  equipment  does  not  always  have  equal  weight  distribution  an.ong  its  supporting  legs.  If 
equipment  is  fastened  to  a  resiliently  mounted  subbase,  then  the  weight  of  the  subbase  must 
also  be  determined  and  added  to  the  weight  of  the  equipment. 

The  weight  of  externally  unsupported  piping  ducts  and  electrical  cables  connected  to 
machinery  must  bo  estimated,  as  it  contributes  to  the  total  weight  supported  by  reHilient  mount¬ 
ings.  On  machinery  items  such  as  pumps,  the  nurniul  w'ciglit  of  fluid  must  be  included.  If 
there  are  partially  filled  tanks  or  spaces  ,  a  corrections^  may  have  to  be  made  for  the  frcc*- 
.surfaco  effect.  I'his  would  increase  the  offoclivo  height  of  the  center  of  gravity  of  the  liijuid 
in  the  inachinoiy.  If  the  froo-surfaco  area  is  small  and  the  volume  and  weight  of  the  liquid  are 
small  compared  with  the  weight  of  the  machinoiy,  the  froe-surfaco  effect  is  generally  negligible. 

f)fton  tiiu  mouiiUngs  must  bo  selected  and  positioned  and  a  subbase  inust  bo  designed 
before  inff)rinHtion  on  the  weight  can  be  obtained.  In  these  instances,  if  drawings  are  available, 
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the  weight  can  be  calculated.  Usually,  calculation  of  the  weight  of  the  principal  parts  plus 
an  ostimato  for  the  minutiae  will  give  a  good  approximation.  When  insufficient  design  details 
are  furnished,  the  weight  must  be  estimated,  Comparisons  may  be  made  with  known  weights 
of  similar  equipment. 

2.1.3-  CENTER  OF  GRAVITY 

Kor  each  unit  of  equipment  or  for  an  assembly  installed  on  a  subbase  that  is  to  be 
resiliontly  mounted,  the  location  of  the  center  of  gravity  must  bo  known  in  order  to  determine 
moments  of  inertia  and  to  position  resilient  mountings. 

rho  center  of  gravity  of  Gqui()mont  may  be  determined  by  balancing  the  uniton  a  knife 
edge  or  bar  throe  times.  When  tlie  unit  is  balanced,  its  center  of  gravity  lies  in  a  vertical 
plane  through  the  knife  edge.  If  the  unit  is  rotated  about  a  vertical  axis  approximately  90  deg 
with  respect  to  llm  knife  edge  and  balanced  again,  another  vertical  plane  passing  through  the 
center  of  gravity  and  the  knife  edge  is  established.  The  two  planes  intersect  in  a  line  through 
the  center  of  gravity.  The  procedure  is  repeated  with  the  unit  turned  on  its  side,  giving  a  third 
piano  intersecting  Uic  line  at  the  con  Lor  of  gravity  of  the  unit. 

It  may  bo  difficult  or  impossible  to  balance  a  unit  on  a  knife  edge,  Kor  instance,  if 
thorn  is  a  thin  ending  in  vv^y  of  I  ho  con  ter  of  gravity,  then  a  heavy  unit  may  be  damaged  by 
being  supported  in  this  way.  In  this  case,  the  unit  may  be  supported  near  one  end  on  a  station¬ 
ary  knife  edge?  and  near  the  other  ond  on  a  knife  edge  supported  by  a  platform  scale  as  in 
Figure  10.  From  the  woiLdit  of  the  unit  W,  the 
weight  on  iho  scale  and  the  known  distance 
brrtwoon  the  knife  edges  /,  the  distance  l)c* 
t\vo(*n  center  of  gravity  and  one  knife  edge 
may  1)0  dotormineri. 

The  moments  about  A  arc 

IV  X 

so  that,  with  the  length  moasurod  in  inches, 

the  vortical  f)lnno  through  the  center  of  gravi- 

iv  is  lil/w  inohos  (ofho  riRht  of  A  nn<\  pnr-  '  I^etermination  of  Center 

of  firavity  ‘’'*an.s  of  a 

pondicular  to  the  ()fipcr.  This  weighing  pro-  Platform*  Scl i 

(  OHS  must  1)0  done  throe  times  w'ith  different 
jnenLations  of  the  unit  in  order  to  locate  the 

c'ontor  of  gravity. 

If  the  unit  has  n  conif)arati voly  simple  shape  and  uniform  density,  the  center  of  gravity 
if  not  obvious  b\  inspection,  niay  bo  found  Uy  formulas  given  in  any  engineering  handbook. 

When  severa!  units  are  installed  on  a  resiliontly  supported  subbaso,  the  same  methods 


may  be  used  to  find  the  center  of  gravity  of  the  assembly.  If  the  assembly  is  too  large,  then 
the  center  of  gravity  of  each  unit  and  of  the  subbase  may  be  determined  separately,  and,  if 
the  locations  of  the  units  upon  the  subbase  are  known,  the  center  of  gravity  of  the  assembly 
may  then  bo  calculated.  In  the  design  stage,  the  use  of  a  subbase  permits  the  arrangement 
of  the  units  so  that  fhe  center  of  gravity  is  over  the  center  of  the  subbase  or  at  least  located 
with  some  degree  of  symmetry.  This  simplifies  the  problem  of  selecting  and  positioning 
resilient  mountings,  A  typical  numerical  example  of  the  determination  of  the  center  of  gravity 
is  worked  in  r»roblem  1  of  Appendix  *2. 

2.1.4.  MOMENTS  AND  PRODUCTS  OF  INERTIA 

when  the  weight  .nd  tiie  location  of  the  center  of  gravity  of  a  unit  are  known,  the  mo¬ 
ments  and  products  of  inertia  may  be  determined  either  experimentally  or  by  computation. 

For  symmetrical  bodies  of  uniform  density,  the  desired  quantities  can  usually  be  com* 
puted  from  formulas  available  in  engineering  handbooks.  For  irregularly  shaped  bodies,  these 
quantities  can  be  estimated  by  dividing  the  body  up  into  a  large  number  of  small  rectangular 
parallelepipeds  of  dimensions  /\x^  Ay,  and  Ae,  treating  each  element  as  of  uniform  density, 
and  applying  the  basic  relations 


/,  =  2(y2  -H  z^).\m 

/y  =  S  +  2^)  Am 

I  ^  ^  (y^  +  a?^)  Am 

=  lxy\m 
=  lyz\m 
=  Izx^m 

When  test  apparatus  is  available,  it  is  easier  to  determine  moments  of  inertia  experi¬ 
mentally.  The  trifilar  suspension  system  for  the  determination  of  moments  of  inertia 

is  described  in  Appendix  3. 

If  an  assembly  is  so  heavy  and  large  that  its  moments  of  inertia  cannot  easily  be  deter¬ 
mined  oxperi  nontally,  then  the  moments  of  inertia  of  the  assembly  can  be  calculated  after  those 
for  the  indivi  iual  units  are  experimentally  determined.  The  moment  of  inertia  of  a  rigid  body 
about  any  axis  may  he  obtained  by  determining  the  moment  of  inertia  of  the  body  about  a  paral¬ 
lel  axis  through  the  center  of  gravity  and  adding  to  it  the  product  of  the  mass  of  the  body  and 
the  square  of  the  [)erpendicular  distance  between  the  axes;  see  Figure  11. 
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Figaro  11  •  Parallel  Axes  for  Determination  of  Moment  of  Inertia 
The  expression  is 


^  Z  ^  Z  ^ 

whore  is  the  moment  of  inertia  about  liie  Z  axis  through  the  center  of  gravity  of 

the  unitor  subbaso,  pouri(i-inch-seconHs  squnrofl, 

I y  is  the  mass  moment  of  inertia  about  the  Z,  axis  in  pound-inch-seconds  squared, 

* 

^  =  ii  is  the  mass  of  the  unit  or  subbase  in  pound-seconds  squared  per  inch, 

y 

d  is  the  perpendicular  distance  between  the  Z  and  Zj  axes  in  inches,  and 
fj  is  3H6  inches  per  second  squared. 

A  nimiericiil  problem  illustrating  the  calculation  of  the  moments  of  inertia  of  an  assembly  and 
one  combining  center-of-gravity  and  moment-of-inertia  computations  are  presented  in  Appendix 
2,  Problems  2  and  3. 

It  is  recommended  that  equipment  manufacturers  note  the  moments  of  inertia  on  their 
mounting  installation  drawings, 

2.1,5.  RADII  OF  GYRATION 

Once  the  moments  of  inertia  about  the  desired  axes  are  determined,  tfie  radii  of  gyra¬ 
tion  about  those  axes  may  bo  calculated  from 

/  =  m  or  f  ^  yX  or  f  == 
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where  /  is  the  mass  moment  of  inertia  in  pound-inch-seconds  snuired, 
m  IS  tlie  mass  in  pound-seconds  squared  per  inch, 
r  is  the  radius  of  p>Tntion  in  inches,  and 
W  is  the  weight  of  the  equipment  in  pounds. 

2.1.6,  PRINCIPAL  AXES 

So  far  in  this  chapter  the  moments  and  products  of  inertia  of  units  and  assemblies  were 
determined  with  respect  to  throe  mutually  perpendicular  axes  passing  through  the  center  of 
gravity.  In  solid  geometrical  configurations  with  uniform  density,  such  as  cubes  and  rec¬ 
tangular  parallelepipeds,  the  axes  would  be  parallel  to  the  sides  or  edges  of  the  object.  In 
the  solution  of  practical  problems  dealing  with  equipment  and  machinery  of  varying  configura¬ 
tions  it  is  recognized,  for  example,  tliat  the  centerline  axis  of  a  motor  armature  is  not  neces¬ 
sarily  congruent  with  a  principal  axis  of  the  niotor,  but  it  is  so  close  that  for  all  practical 
purposes,  they  can  be  assumed  congruent.  The  fact  that  the  |)rincipal  moments  of  inertia  and 
the  principal  axes  are  not  exactly  determined  for  eejuipment  usually  results  in  little  error  in 
calculating  natural  frequencies. 

A  relation  between  moments  of  inertia  about  principal  axes  and  about  any  other  set  of 
rectangular  axes  through  the  center  of  gravity  is 

h  ^  ^ 7.  "  ^  ^ z  "  ^  constant 

If  the  moments  of  inertia  about  any  set  of  rectangular  axes  are  represented  as  vectors  from 
the  center  of  gravity,  they  terminate  at  the  surface  of  an  ellipsoid  of  inertia,  see  Tigure  12. 

If  xif2  is  a  sot  of  rectangular  axes,  -1,  /;,  and  C  the  moments  of  inertia  with  respect 
to  these  axes,  and  Dy  Ey  and  F  the  corresponding  products  of  inertia,  the  moment  of  inertia 
with  respect  to  any  other  axis  through  0  will  bo  1/p^  whore  p  is  the  distance  along  this  axis 
from  0  to  the  surface  of  the  ellipsoid  whoso  equation  is 

Ax^  +  Hy^  +  C^^  -  2l)yz  -  iEzx  -  'IFxy  =  1 

If  the  axes  ate  principal  axes,  (he  somimajnr  axes  of  the  ellipsoid  have  lengths  equal  to 

\,T7By  and  \‘\/Cs  respectively.  In  Figure  12  tlio  Xy  V,  and  Z  axes  are  the  |jrincipHl 
axes  of  inertia  and  also  the  major  axes  of  the  ellipsoid.  The  axes  ar,  y,  and  2  ore  axes  with 
aibitrary  inclination  to  the  principal  axes. 

If  there  is  angular  (lis[>lHceinent  of  the  order  of  5  deg  between  tfie  two  sets  of  axes, 
the  difference  in  the  moments  of  inertia  is  negligible.  The  less  the  difference  among  the  three 
moments  of  inertia,  the  greater  Is  the  angle  between  the  sets  of  axes  that  can  be  tolerated  for 
rr;ast>nably  accurate  calculation  of  featur'd  frequencies. 

In  practical  applications,  one  can  usually  proceed  by  selecting  axes  parallel  to  the 
sides  of  installations  and  passing  through  the  center  of  gravity.  This  will  helf)  to  reduce  cost 
and  roni()lexity  of  the  mounting  installation.  In  units  such  as  electric  motors,  one  principal 
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Figure  12  -  Ellipsoid  of  Inertia 

axis  is  very  nearly  parallel  and  congruent  to  the  centerline  of  the  rotor,  and  the  maments  of 
inertia  about  tlie  other  two  axes  are  very  nearly  equal.  In  the  assembly  of  various  items  on  a 
common  subbase,  principal  axos  parallel  to  the  sides  of  the  subbase  caa  be  approximated  by 
positioning  the  units  to  satisfy  the  conditions  for  syniinetry;  see  Chapter  3.  When  the  axes 
chosen  are  not  principal  axes,  the  calculation  will  also  require  the  evaluation  of  the  products 
of  inertia  and 

Z1.7.  EXCITING  FREQUENCIES  (SPEED) 

The  nonnal  operating  speeds  of  rotating  or  reciprocating  machinery  must  be  known 
since  machinery  can  be  the  generator  of  excessive  noise  or  vibration.  If  the  speed  ranges  are 
known,  remedial  steps  can  be  taken  to  reduce  the  transmission  of  noise  and  vibration  by  suit¬ 
able  selection  and  positioning  of  resilient  mountings.  The  machinery  manufacturer  can  best 
furnish  this  infonnation,  and  it  should  bo  provided  on  identification  plates,  in  instruction 
books,  and  on  machinery  and  mounting  installation  drawings. 

Not  only  must  the  operating  speeds  of  machinery  be  known  but  also  certain  design 
features  that  wall  contribute  to  excitations  at  frequencies  which  are  multiples  of  the  machinery 
speed  (f{eference  6).  These  include  the  number  of  poles  and  slots  in  motors  and  generators, 
the  number  of  teeth  in  gears,  and  the  number  of  balls  and  rollers  in  bearings.  On  the  basis 
of  noise-transmissibi lity  data,  it  may  be  possible  to  select  from  among  otherwise  acceptable 
mountings  the  ones  more  suitable  for  minimising  the  noise  transmisr>ion  from  the  machinery 
at  these  machinery  speeds. 
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2.2,  Pf53Prr.TlES  OF  lESILIE.JT  /AOJHTIi43S 


The  performance  characteristics  of  resilient  mountings  can  be  determined  by  tests 
prescribed  in  the  Interim  Military  Specification  MIL-M*17185  (StllPS).  As  performance  data 
arc  obtained  from  tests  on  various  mountings,  reports  showing  these  data  will  bo  distributed 
to  naval  shipbuilding  activities.  Heady  relerence  sheets  which  st*mmarize  experimental  data 
considered  essential  in  the  selection  and  application  of  resilient  mountings  are  reproduced  in 
Appendix  4. 
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CHAPTER  3 


CALCULATION  OF  NATURAL  FREQUENCIES  OF  RESILIENTLY 
MOUNTED  EQUIPMENT 

In  this  chapter,  foniiulas  will  be  piven  for  calculating  the  natural  frequencies  of  vibra¬ 
tion  of  resiliently  mounted  equipment.  Oerivation  of  the  formulas  may  be  found  in  Appendix  5. 
Formulas  for  sonie  additional  cases  are  presented  in  Appendixes  5  and  6. 

The  m.'iftni Ui des  of  Uie  natural  frequencies  depend  upon  the  weight  of  the  equipment, 
its  radii  of  gyration  about  its  principal  axes  of  inertia,  and  the  directions  of  those  axes. 

These  quantities  and  directions  are  usually  already  established,  and  the  engineer  selecting 
and  applyintt  mountings  can  do  little  about  them.  The  directions  of  the  principal  axes  are 
likely  to  bo  the  most  uncertain  quantity,  but  some  error  may  usually  be  made  in  the  assumed 
directions  without  affecting  materially  the  calculated  frequencies,  as  has  been  shown  in 
(Tiapier  2,  The  fre(|uencies  also  dcf)end  upon  tlio  number,  the  clastic  stiffnesses,  and  the 
arranger.ient  of  the  mountings.  For  the  most  part,  these  variables  are  under  the  control  of  the 
engineer. 

In  considering  different  mounting  arrangements,  the  following  general  principles  may 
be  of  use: 

I.  The  number  of  independent  modes  of  free  vibration  of  a  rigid  body  upon  its  mountings 
is  always  six.  In  s[)eclal  cases,  two  or  more  of  the  natural  frequencies  may  bo  equal. 

J.  Increasing  the  stiffness  of  the  mounting  arrangement  at  any  point,  as  by  adding  another 
mounting,  generally  raises  all  the  frequencies  and  decreasing  the  stiffness  has  the  opposite 
effect.  The  only  exceptions  are  those  modes  in  which  the  mountings  with  increased  stiffness 
are  not  subjected  to  additional  strain  due  to  vibration;  in  such  cases,  no  change  in  frequency 
occurs. 

3.  An  increase  of  mass,  or  an  increase  of  a  radius  of  gyration,  generally  lowers  all  fre¬ 
quencies.  Decrease  of  mass  or  of  a  radius  of  gyration  has  the  opposite  effect.  The  only  ex¬ 
ceptions  are  those  modes  in  which  an  added  mass  lies  at  a  nodal  point  and  therefore  is  at 
rest  during  vibration,  or  for  the  modes  in  which  there  is  no  rotation  about  the  axis  to  which  the 
altered  radius  of  gyration  is  referred;  in  such  cases,  no  change  in  frequency  occurs. 

The  calculation  of  tfie  six  natural  frequencies  is  always  possible,  but  it  is  laborious 
unless  the  mountings  are  arranged  in  a  relatively  simple  manner  or  unless  computing  machines 
such  as  the  lEiM  or  UMVAC  are  available.  First,  the  necessary  simplicity  in  terms  of  vibra¬ 
tional  symmetry  will  be  explained.  Then  the  most  useful  types  of  arrangements  and  the  methods 
of  calculating  the  natural  frequencies  will  be  described,  and  numerical  illustrations  will  be 
presented.  Explicit  formulas  will  be  given  here  for  certain  simple  classes  of  arrangements. 

The  AXZ  axes  will  always  be  assumed  to  be  drawn  from  the  center  of  gravity  of  the 
0(|uipi:.ent  as  the  origin  and  in  the  direction  of  the  principal  axes  of  inertia  and  the  axes  of 
tlie  mountings  will  be  assumed  parallel  to  the  coordinate  axes  unless  ,  Damping  in  the 
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mountings  will  be  ignored  since  its  effect  upon  the  frequencies  is  slight. 


3*1.  VIBRATIONAL  SYMMETRY 

As  presented  in  this  guide,  the  calculation  of  natural  frequencies  will  be  based  on 
mounting  arrangements  having  at  least  one  plane  of  symmetry.  The  greater  the  number  of 
planes  of  symmetry,  the  easier  are  ^he  natural  frequency  calculations. 

A  plane  through  the  center  of  gravity  of  a  mounted  assembly  is  a  plane  of  vibrational 
symmetrx'  when: 

1.  Vibrational  motions  parallel  to  the  plane  do  not  evoke  reactions  tending  to  generate 
displacements  perpendicular  to  the  plane.  Such  motions  may  involve  translations  parallel  to 
the  plane  and  rotations  about  an  axis  through  Uie  center  of  gravity  and  perpendicular  to  the 
plane.  These  motions  iiiay  apf)ear  singly  or  may  be  combined  in  each  of  the  vibrational  modes. 

2,  Vibrational  motions  perpendicular  to  the  plane  may  involve  perpendicular  translations 
and  rotation  about  an  axis  lying  in  the  plane.  These  motions  may  appear  singly  or  may  be 
combined  in  each  of  the  vibrational  modes. 

A  viliratioii  of  Typo  1  has  no  tendency  to  excite  a  vibration  of  Tvno  anr)  vice  versa. 

Vibrational  syr.imotry  is  usually  accoiiinl ishod  as  follows: 

1.  Each  [)lane  of  vibrational  symmetry  must  contain  two  of  the  principal  axes  of  inertia 
of  the  equipment  or  assembly. 

2.  The  mountings  must  be  arranged  to  provide  suitable  symmetry  in  their  elastic  reaction 
to  displacement  of  the  equipment  or  assembly.  A  simple  way  to  achieve  elastic  symmetry  is 
to  arrange  the  mountings  in  geometrical  symmetry,  that  is,  so  that  each  mounting  is  matched 
by  another  identical  mounting  located  at  the  mirror  image  of  the  first  with  respect  to  the  plane 
of  vibrational  symmetry.  If  a  mounting  has  unequal  axial  and  radial  stiffnesses,  its  axis  and 
tne  axis  of  its  mate  may  bo  either  both  parallel  or  both  perpendicular  to  the  plane  of  symmetry. 
Geometrical  symmetry  of  this  sort  satisfies  the  requirement  for  elastic  symmetry  since  forces 
and  moments  associated  with  vibrational  displacements  are  equal  on  both  sides  of  a  piano  of 
symmetry.  Any  mounting  that  has  equal  stiffnesses  in  all  directions  may  have  its  axis  orient¬ 
ed  in  any  direction.  A  few  relatively  simple  cases  inclined  mountings  wAll  be  described  in 
Appendixes  5  and  6. 
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VoT  at  least  one  plane  of  vibrational  symmetry  to  exist,  taken  as  the  yZ-plano  as  in 
r'igure  13,  the  conditions  of  elastic  symmetry  are  as  follows: 

1.  The  summation  for  all  mountings  of  the  algebraic  product  of  the  stiffness  of  the  mounts 
ing  in  the  Y  direction  and  its  X  coordinate  must  equal  zero  and  similarly  for  the  stiffnesses 
in  the  Z  direction. 


S  Ay  a:  =  0;  S  A  =  0 

2.  The  summation  for  all  mountings  of  the  stiffness  in  the  Z  direction  multiplied  by  the 
algebraic  product  of  the  A  and  Y  coordinates  must  equal  zero,  and  similarly  with  Y  and  Z 
interchanged: 


S  Ay=  0;  I  ky  AZ  =  0 

If  each  mounting  has  equal  spring  constants  k  in  all  directions,  then  three  equations 
suffice: 


i  A  A  =  0,  1  A  A =  0,  and  S  A  AZ  =  0 

If  A  is  the  same  for  all  mounting'-,  the  above  equations  can  be  simplified  further: 
S  A  -  0,  1  XY  =  0,  and  I  AZ  =0 
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3.2.  THREE  PLANES  OF  VIBRATIONAL  SYMMETRY 


H^quipment  that  has  the  simplest  vibrational  motion  and  therefore  whose  natural  fre- 
quencie.s  are  the  oasie.st  to  calculate,  has  its  mountings  arranged  so  that  there  are  three 
mutually  perpendicular  planes  of  vibrational  symmetry  containing  the  center  of  gravity  of  the 
mounted  assembly.  Then  three  translational  modes  of  vibration  occur,  each  with  motion  in  the 
direction  of  one  of  the  lines  of  intersection  of  the  planes  of  symmetry,  and  three  rotational 
modes  occur  with  the  lines  of  intersection  of  the  planes  of  symmetry  as  the  axes  of  rotation. 

If  each  mounting  has  the  same  stiffness  in  all  directions,  then  the  three  translational  frequen- 
cie.s  are  equal  and  a  translational  mode  at  this  frequency  may  occur  in  any  direction. 

The  XYZ  axes  will  be  drawn  as  usual  through  the  center  of  gravity  and  along  the  prin* 
cipal  axes  of  inertia  of  the  mounted  equipment.  The  three  planes  of  vibrational  symmetry  will 
then  be  the  .VV,  }'Z,  and  A’Z  planes.  Any  mounting  not  having  equal  axial  and  radial  stiff¬ 
nesses  is  assumed  to  have  its  axis  oriented  parallel  to  a  coordinate  axis. 

If  /cyj  and  /c 2  not  the  sanie  for  all  mountings,  the  conditions  for  elastic  symme¬ 
try  relative  to  all  three  planes  are 


I  fry.V 

=  0, 

I  y  =  0,  'L  k^Z  =  Q 

:  =  0, 

I  A:2  y  =  0,  S  Ay  Z  =  0 

X  =  0,  1  Jcy  AZ  =  0,  1  /cj,^  YZ  =  0 

If  has  the  same  value  for  all  mountings  and  if  the  same  is  true  of  /cy  and  /c^i  then 
the  conditions  for  elastic  symmetry  relative  to  all  three  planes  are 

i:  .V  0,  i  y  =  0,  1  z  =  0 

1  XY  =  0,  1  XZ  =  0,  1  YZ  -  0 

For  inclined  mountings,  conditions  for  three  planes  of  elastic  symmetry  are  stated  in 
Section  A5.4.2.  of  Appendix  5. 

XZl.  COMMON  CENTER-OF-C CAVITY  ARRANGEMENTS  OF  FOUR  MOUNTINGS 

As  a  special  case,  the  effective  points  of  attachment  of  the  mountings  may  lie  in  a 
plane  containing  the  center  of  gravity  of  the  equipment,  forming  a  ** ceiiter-of-gravity  arrange¬ 
ment.”  If  the  mounting  plane  contains  two  of  the  axes  of  inertia  of  the  equipment,  it  is  a 
plane  of  vibrational  symmetry;  the  mountings  may  also  be  so  arranged  the  plane  that  'wo 
other  planes  of  symmetry  exist,  all  three  planes  being  mutually  perpendicular.  See  Figure  14 
for  typical  arrangen^ents.  Such  arrangements  have  boon  used  in  mounting  many  electronic 
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Figure  H  •  Conuiion  Arrangement  of  Four  Mountings  with  Three  Planes 

of  Vibrational  Symmetry 

devices  and  even  a  few  items  of  heavier  equipment.  A  more  general  type  of  center-of-gravity 
arrangement  in  which  the  mounting  plane  is  inclined  to  two  of  the  principal  axes  is  described 
in  Section  A5.5. 

Case  (a);  =  k^ 

The  simplest  arrangement  with  three  planes  of  vibrational  symmetry  is  a  center-of- 
gravity  arrangement  consisting  of  four  identical  mountings  having  equal  axial  and  radial 
stiffnesses  k  with  the  effective  points  of  attachment  falling  at  the  comers  of  a  rectangle  whose 
sides  have  lengths  2D ^  and  2D  y  and  whoso  center  is  at  the  center  of  gravity  of  the  equipment. 
The  sides  of  the  rectangle  are  parallel  to  two  of  the  principal  axes  of  inertia,  taken  as  the 
/V  and  y  axes.  The  formulas  for  the  frequency  of  translational  vibration  in  any  direction 
and  tho  froquoncios  y,  y  ,  and  ^  of  rotational  vibrations  about  the  axes  indicated 
by  the  subscripts  are 
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/.=  f 

zn 


or  6.26 


whero  N  equals  the  number  of  mountings,  here  four,  and 


/. 


rot,  A' 


6.26  ^ 

r,  )/w^ 


Koi,y 


A 


rot,  Z, 


rfore,  for  four  identical  mountings,  6.26  =  \fig/2rr,  W  is  the  weight  of  the  equipment  in  pounds, 
D D  yy  and  D  are  the  absolute  values  of  the  coordinates  of  the  point  of  attachment  of  a 
mounting  in  inches,  and  r^,  fy,  and  ^be  radii  of  gyration  of  the  mounted  equipment 

about  the  .V,  Y,  and  Z  axes,  respoctively.  If  U ^  *  ry  and  Oy^f^y 


Ar  ^  A \  f rot,  Y 

Case  (b):  f 

If  the  four  mountings  have  unequal  radial  and  axial  stiffnesses  but  are  identical  and 
have  their  axes  parallel,  the  formulas  for  the  three  translMtiunal  frequencies  of  vibration  par¬ 
allel  to  the  X,  y,  and  Z  axes  and  for  the  three  rotational  freauencies  about  these  axes  are 


For  most  mountings,  one  of  the  three  stiffnesses,  Ay,  or  is  equal  to  the  axial  stiff¬ 
ness  of  the  mounting  while  the  other  two  are  equal  to  its  radial  stiffness.  In  the  plane  of  the 
directions  of  the  tv/o  equal  stiffnesses,  translational  vibration  can  occur  in  any  direction  or 
the  motions  may  be  elliptical  depending  on  the  direction  or  directions  of  the  initial  exciting 
forces  as  well  as  their  relative  magnitudes. 

Computations  in  the  use  of  such  formulas  as  those  for  or  and  y  may  bo 

reduced  by  the  use  of  a  chart,  Figure  15,  when  four  mountings  are  employed. 

The  a[)plicr»tiDn  of  the  frequency  equations  is  illustrated  in  Problem  4,  Section  A2.4. 
where  four  identical  mountings  are  attached  in  a  piano  containing  the  center  of  gravity  of  the 
equipment.  In  this  problem,  procedures  are  indicated  for  modifying  the  froquoncies  if  the 
initially  assumed  positiQns  of  the  mountings  result  in  natural  frequencies  unsuitable  to  the 
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requirements  imposed  by  environmental  conditions  for  the  equipment. 

Another  illustration  of  the  application  of  the  formulas  for  equipment  having  three  planes 
of  vibrational  symmeU-y  is  Probleni  5,  Section  A2,5.  In  this  problem,  «  ky  and  XT,  and 
Y Z  planes  of  symmetry  may  pass  either  through  the  axes  of  the  mountings  or  halfway  between 
thorn;  the  same  frequencies  are  obtained  with  either  choice  of  the  planes  of  symmetry. 

3.2.Z  OTHER  ARRANGEMEMTS  WITH  THREE  PLANES  OF  SYMMETRY 

Frequency  equations  will  now  be  presented  for  more  general  cases,  to  be  used  whore 
those  may  provide  the  most  satisfactory  solution  to  the  problem  of  arranging  mountings. 

Ways  of  generalizing  center-of*gravity  arrangements  of  mountings  in  the  XY  plane 
starting  initially  with  four  parallel  mountings  at  the  comers,  D £>y,  of  the  equipment  and 
still  maintaining  the  three  planes  of  vibrational  symmetry,  see  Figure  16,  are; 

1.  Any  number  of  additional  sets  of  four  mountings,  with  parallel  axes  if  ^  may  be 

arranged  at  -•  D  D  y\  -  1)  D  y\  etc,  see  Figure  16a. 

2.  Two  identical  mountings,  with  parallel  axes  if  k^  f  may  be  added  at  >V  -  a  D ^  on 
the  A'  axis,  or  at  y  =  -  6  Oy  on  the  >'  axis.  Any  number  of  such  pairs  may  be  added;  see 
Figure  16b. 

3.  Any  two  identical  mountings  with  the  same  Y,  with  parallel  axes  if  k^  ^k^^  may  be 
moved  equal  and  opposite  distances  parallel  to  the  X  axis  without  changing  Y\  or  if  they  have 
the  same  A,  tliey  may  be  moved  equal  and  opposite  distances  parallel  to  the  Y  axis;  see 
Figure  16c, 

4.  Any  two  identical  mountings,  with  parallel  axes  if  A^  having  the  same  .Y  but 
equal  ana  opposite  Y  may  be  moved  so  as  to  change  X  to  {l/c)X  for  both  provided  the  elas¬ 
tic  constants  are  changed  by  a  factor  of  c;  and  the  converse  statement  holds  with  X  and  Y 
interchanged.  For  example,  if  the  two  mountings  are  at  X  =  i4,  Y  -  B  and  X  =  -  ^4,  V  =  S,  re¬ 
spectively,  with  stiffness  A,  they  may  bt>  moved  to  X  *  Y  -  B/c  and  X  ^  T  =  B/c  with 
stiffnens  cA;  see  Figure  16d. 

5.  Any  mounting  may  be  replaced  by  two  mountings  having  equal  total  stiffness  and  placed 
at  suitable  points  whose  location  may  be  determined  from  the  conditions  for  symmetry.  For 
example,  if  the  two  have  stiffnesses  c  and  (l^c)  times  the  stiffness  of  the  original  mounting, 
then  they  may  be  placed  with  the  same  Y  and  the  same  orientations  of  axes  as  the  original  but 
with  coordinates  X'  for  the  first  and  X**  for  the  second  mounting  where 

X'  =  bX,  X”  =  X 

1  -  C 

and  X  is  the  original  coordinate,  b  is  any  number,  and  1  >  c  >  0;  see  Figure  16o.  By  such 
changes  as  4  and  5,  it  may  be  possible  to  adjust  the  stiffness  of  each  mounting  to  the  load 
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Figure  16d  .  Shift  of  a  Pair  of  Mountings 
wllhoat  Changing  Frequencies 


Figure  16  *  Other  Arrangorrentfl  •  Three 
Planes  of  Vibrationfll  Symmetry 


it  supports.  Many  other  arrangements  are  possible,  but  the  process  of  design  to  secure  the 
requisite  symmetry  may  be  tedious. 

Frequency  formulas  for  any  number  of  mountings,  identical  or  different  and  with  equal 
or  unequal  axial  and  radial  stiffnesses  arranged  in  the  XY  plane  drawn  through  the  center  of 
gravity  of  the  mounted  equipment  with  vibrational  symmetry  relative  to  the  XZ  and  YZ  planes, 
are 


-3.131/177 


Here  3.13  =  \/^/2tt,  and  the  position  of  a  mounting  is  at  A  =  -  D  Y  ~  -  D  y.  An  illustration 
is  Problem  6,  in  Section  42.6.,  in  which  the  mounungs  are  not  identical. 

3.2. 2.1.  Multiplane  ond  Other  Arrangements  with  Three 
Planes  of  Symmetry 

Multiplane  arrangements  with  three  planes  of  symmetry  can  be  formed  by  taking  two  or 
more  center-of-gravity  arrays  in  the  XY  plane  and  translating  them  parallel  to  the  Z  axis  so 
that  they  lie  in  parallel  pianos  at  suitable  distances  from  KY\  see  Figure  17.  Then,  of  the 
conditions  for  three  planes  of  symmetry,  those  not  containing  Z  are  already  satisfied;  so  are 
those  containing  XZ  or  YZ  since  Z  has  a  constant  value  for  each  array.  There  remain  to  be 
satisfied  the  equations  containing  Z  alone. 

If  there  are  just  two  aiTays  consisting  of  mountings  in  a  plane  at  a  distance  from 
the  A'F  piano  and  mountings  in  a  plane  at  a  distance  from  the  XY  plane  and  on  the  oppo¬ 
site  side  of  it,  then,  provided  and  ky  are  the  same  for  all  mountings,  the  only  restriction 
on  andf>2  that  A ^  L 2*  however,  there  is  variation  in  or  in  Ay,  then  it  is 

necessary  that  the  ratio  SAy/2A^  have  the  same  value  for  both  arrays  and  that  = 

the  subscripts  indicating  the  piano  to  which  er.ch  sum  refers. 

More  generally,  if  several  center-of-gravity  arrays  in  the  XY  plane  are  moved  into  paral¬ 
lel  planes  at  Z  ®  Zj,  respectively,  then  lAy/SA^  must  have  the  same  value  for  all  of 

them  and  they  must  be  placed  so  that 


Zj(2A;^)j  +  +  Z3(SAj^)3  +  . ..  =  0 
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Figure  17  -  Multiplane  Arrangement  with  Three  Planes  of  Symmetry 


rhc  formulas  for  the  frequencies  are  those  that  hold  for  any  arrangement  having  three 
planes  of  vibrational  symnietry  and  not  including  inclined  mountings.  These  formulas  are  the 
same  as  the  last  set  given  above,  except  for  these  two: 


AT  "  |/^  y  1)^  ) 


3.Z3.  SUMMARY  FOR  THREE  PLANES  OF  SYMMETRY 

The  conditions  for  three  planes  of  vibrational  symnieU*y  and  the  frequency  equations 
for  equi[)incnt  resiliontly  mounted  are  summarized  by  types  of  arrangements  in  Table  1.  Sep¬ 
arate  equations  are  given  for  assemblies  having  mountings  wiih  oqu^^l  and  unequal  spring 
constants  in  axial  and  radial  directions.  Sketches  showing  typical  arrangements  for  each  set 
of  equations  are  given  also. 

3.3.  TWO  PLANES  OF  VIBRATIONAL  SYMMETRY 

Many  arrangements  of  mountings  have  only  two  planes  of  vibrational  symmetry.  Exam¬ 
ples  are  the  base  arrangements  described  in  Section  r3.3.1.  Ahon  two  planes  of  synmietry  exist, 
there  occurs  a  single  translational  mode  of  vibration  parallel  to  the  lino  of  intersection  of  the 
two  perpendicular  planes  of  symmetry  and  a  single  rotational  mode  about  this  intersection  as 
an  axis.  The  other  four  modes  of  motion  are,  in  general,  rocking  modes,  two  in  each  plane  of 
symmetry,  Each  rocking  mode,  however,  is  actually  a  mode  of  rotation  about  an  axis  which 


TABLE  1  *  Frequency  Equations  for  Three  Planes  of  Symmetry,  Including 
Common  Fou^Mounting  Arrangements 

£«ch  mounting  olthor  ha*  k^ot  has  its  axis  parallel  to  X,  Y,  or  Z. 
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Fiequency  EquatiCfns 


kgs  with 
pyflifletry 


Any  Number  N  of  Mountings 


(*) 


At,  a  *  V  y  ■  z 


-3.13 


m 

F 


z 


See  Sections  A5.6  and  A6.4  for  additional  cases. 

Principal  Axes  X,  Y,Z  Planes  of  Vibrational  Symmetry  YZ,XZ,XY 


does  not  pass  through  the  center  of  gravity  of  the  equipment.  Calculation  of  the  natural 
frequencies  requires  the  solution  of  quadratic  equations, 

_  The  XYZ  axes  will  be  drawn  as  usual  from  the  center  of  gravity  of  the  equipment  along 
the  principal  axes  of  inertia  of  the  equipnient,  with  the  Z  axis  perpendicular  to  the  plane  of 
the  mountings;  and  the  planes  of  symmetry  will  be  taken  to  be  the  XZ  and  YZ  planes.  The 
single  translational  mode  is  thus  in  the  direction  of  Z.  Any  mounting  not  having  equal  axial 
and  radial  stiffnesses  will  be  assumed  to  have  its  axis  parallel  to  a  coordinate  axis  except 
when  the  contrary  is  stated. 

For  two  planes  of  vibrational  symmetry  to  exist,  the  following  equations  must  be  satis* 

Tied: 


SiyX  «  0,  ^0,  Zk^Y  r.0^  ^k^Y  0 


i  k^xY  -0,  ikyXZ^  0,  yz  *  0 


If  each  of  the  constants  k^^  ky^  and  k^  has  the  same  values  for  all  the  mountings  as,  for 
example,  for  identical  mountings  with  parallel  axes,  these  conditions  may  be  simplified  to 

X  A  -  0,  X  y  -  0,  X  Ay  -  0,  x  az  -  o,  x  yz  «  o 

One  way  to  satisfy  the  requirements  of  these  equations  is  to  start  with  mountings  in 
the  Ay  plane  as  in  the  case  of  center*of*gravity  mountings  described  in  Sections  3.2,1  or 
3.2.2,  If  such  an  array  is  translated  parallel  to  Z»  then  Z  has  the  same  value  for  all  mounU 
ings  in  the  array,  so  that  Z  may  be  taken  outside  the  summations  in  the  equations  contain* 
inc  Z  and  these  equations  are  also  satisfied.  Two  or  more  such  arrays  in  parallel  planes 
can  then  be  combined  if  necessary.  If  the  distances  between  the  planes  and  the  spring  con* 
tants  are  properly  adjusted,  the  arrangement  becomes  that  of  the  multiplane  center*of*gravity 
type;  see  Section  3.2.2, 1. 

Another  variation  in  arrangement  permissible  without  upsetting  the  vibrational  symmetry 
is  to  give  equal  and  opposite  displacements,  parallel  to  Z,  to  any  two  identical  mountings 
provided  they  have  the  same  A  and  Y  but  different  values  of  Z,  and  provided  also  that  they 
'  have  parallel  axes  if  k^  #  k^ 

i 

3.3,1.  3ASE  OR  BOTTOM  ARRANGEMENTS  IN  A  PLANE 

Base  or  bottom  arrangements  of  mountings  are  used  in  many  of  the  resilienUmounting 
arrangements  on  shipboard.  In  such  arrangements,  the  points  of  attachment  of  the  mountings 
lie  in  a  plane  parallel  to  the  base  of  the  equipment.  Usually  the  mountings  are  placed  under 
the  equipment,  but  the  equipment  may  also  be  suspended  from  the  overhead  or  fastened  to  bulk* 
head  stiffeners;  see  Figure  18.  A  modification  sometimes  used  is  a  8tepped*base  arrangement 
in  which  the  mountings  arc  in  two  or  more  parallel  planes,  Figure  19,  but  in  this  case  there 
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Flfur#  ISc  •  Equipment  Suspended  from  the  Figure  ISd  -  Equipment  Supported  by  a  Bulkhead 

Overhead  by  Identical  Mountings  with  Identical  Mountings 

Figure  18  •  Normal  Arrangements  of  Mountings  for  Equipment 
with  Two  Planes  of  Vibrational  Symmetr>' 


Figure  19  •  Steppod-Base  Arrangements 


is  only  one  plane  of  symmetry  and  an  exact  calculation  requires  the  formulas  of  Section  3.4. 

Let  the  mountings  have  all  their  effective  points  of  attachment  in  a  plane  parallel  to 
the  Ay  plane,  and  let  them  be  arranged  to  have  vibrational  symmetry  relative  to  the  XZ  and 
YZ  planes.  Let  the  mounting  plane  be  at  a  distance  D  ^  from  the  center  of  gravity  of  the 
mounted  equipment. 

(a)  Four  Identical  \lountings  Symmetrically  Placed,  With  k  ^ 

The  simplest  example  of  such  an  arrangement  consists  of  four  identical  mountings 
having  equal  stiffness  in  all  directions,  placed  at  symmetrically  disposed  points  X  =  -  D 
Y  =  ^  D  y.  The  frequencies  of  the  translational  mode  in  the  Z  direction  and  of  the  rota¬ 
tional  mode  about  the  Z  axis  are 


Here  6. 26  =  2  /2  n . 

The  frequencies  of  the  four  rocking  modes  may  be  found  with  less  computational  labor 
by  use  of  a  chart  which  will  be  called  the  Base  Mounting  Chart;* see  Figure  20.  For  rock- 
inc  modes  in  the  AZ  plane  the  abscissa  represents  D^/fy^  and  for  rocking  modes  in  the  YZ 
plane,  it  represents  ordinate  is  where  r  stands  for  the  radius  of  gyration, 

or  Ty,  whichever  is  being  used  for  the  abscissa.  The  origin  represents  the  center  of  gravi¬ 
ty,  while  any  point  on  the  chart  represents  the  position  of  one  of  the  four  mountings  with  re¬ 
spect  to  the  A'  or  y  and  Z  axes  in  either  the  AZ  or  YZ  plane.  Since  the  coordinate  distances 
have  been  divided  by  the  respective  radii  of  gyration,  the  chart  coordinates  are  in  nondimen- 
sional  form.  Circular  arcs  are  drawn  on  the  chart  representing  constant  values  of  the  ratio  of 

the  maximum  frequency  to  the  minimum  frequency  for  the  two  rocking  modes  in  the 

same  plane;  see  Section  1.2.  Hyperbolas  are  also  drawn  representing  constant  values  of  the 
Lin' hr'  /min  always  less  than 

In  calculating  frequencies,  the  value  of  is  first  obtained  from  the  formula.  Then 
values  of  the  two  ratios  and  chart,  usually  by  interpola¬ 

tion  between  cun/es.  The  two  rocking  frequencies  are  then  calculated  as  and 
This  procedure  is  followed  for  each  plane  of  symmetry  in  turn. 

The  chart  may  also  bo  used  by  the  designer  in  planning  the  arrangement.  It  is  helpful 

to  lay  off  as  a  horizontal  line  on  the  chart  the  half-length  (1/2)  c  ^If-width  {id/2)  of  the 

base  of  the  equipment  divided  by  the  appropriate  radius  of  gyration,  thus  reducing  it  to  non- 
dimensional  form.  This  line  then  indicates  the  possible  positions  where  a  mounting  can  bo 
attached  to  the  equipment  without  extending  the  base.  If  the  line  is  drawn  at  the  proper  or¬ 
dinate  circular  arc  that  is  tangent  to  it  represents  the  minimum  value  of 

«Thls  chort  is  similar  to  the  upper  right  quarter  of  the  Isomode  Chart  devised  by  Lewis  and  Unholtz  and 
issued  by  the  MB  Company, 
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Figure  20  •  Base  Mounting  Chart  Showing  Frequency  Ratios  for  Rocking  Modes  of  Equipment 
with  Base  Mounting  Arrangements  Having  Two  Planes  of  Vibrational  Symmetry 


t)e  attained  under  the  given  conditions.  The  abscissa  of  the  point  of  tan- 
gency  indicates  the  proper  value  of  D ^  or  Dy  to  secure  this  minimum. 

As  an  alternative  to  the  cbart«  the  formulas  for  the  two  rocking  modes  in  the  XZ  plane 
are 


Here  D^=\X\^Dy^^\Y  \  while  0  ^  \Z\\s  the  distance  from  the  center  of  gravity  to  the 

plane  of  the  mountings.  The  formulas  for  the  YZ  plane  are  obtained  by  changing  D  D  y 
and  f  y  to  f  Y*  * 

A  numerical  illustration  for  four  mountings  using  the  Oas^  Mounting  Chart  is  presented 
in  Problem  7,  Section  A2.7.  This  problem,  typifying  many  shipboard  installations,  is  carried 
out  in  considerable  detail  including  calculation  of  the  clearances  required  around  the  equipment, 
(b)  More  Seneral  Base  Arrangements 

The  Base  Mounting  Chart  or  the  formulas  just  stated  for  and  also  can  be  used 
for  determining  Che  natural  frequencies  of  the  rocking  modes  of  vibradon  for  other  types  of  base 
arrangements  merely  by  reinterpreting  certain  symbols.  In  particular,  D ^  and  Dy  will  now  be 
the  distances,  not  to  the  actual  mountings,  but  to  a  set  of  four  identical  mountings  in  rectangular 
array  that  would  be  equivalent  to  the  actual  mountings.  The  general  formulas  for  D ^  and  0  y 
are 


Assuming  that  the  mountings  are  arranged  in  a  plane  parallel  to  the  XY  plane  with  vibra* 
tional  symmetry  relative  bo  the  XZ  and  YZ  planes,  the  principal  cases  are  as  follows: 

1.  For  any  number  N  of  identical  mountings  each  having  stiffness  k  m  any  direction,  take, 
on  the  chart  or  in  any  formula, 

‘>x- ■ 

also 


44 


Here  3,13  » \fg/2n* 

2*  The  base  arrangement  of  four  mountings  each  having  its  radial  and  axial  stiffnesses 
equal  may  be  arranged  in  two  pairs,  one  pair  at  A  *  ^  and  y  •  the  other  at  ^ 
and  y  “  Yy  To  preserve  the  symmetry  in  the  XZ  plane,  the  stiffnesses  and  of  the  two 
pairs  must  be  such  that 

A:,  y,  +  ^2  y^  =  0  or  ^  s  !-2kJ 

‘  -ly.i 

Hence 


1  ^2 1  I  1  ^  1  I  1^2 


*1  ^  *2 


^1  +  ^2 


>'l  !  I  ^21 


D^^\X\,  Dy^  Vis'll  1^2 


^  l/2(A,  +  *-)  3.13 1 /2(*,  +  *,)  I 

Here  3.13  =  \fg72n.  An  example  is  treated  in  Section  A2.8,  Problem  8. 

3.  For  any  number  of  nonidentical  mountings,  each  having  equal  stiffnesses  in  all  direc* 
tion.‘«,  the  corresponding  equations  are 


IkX^ 
Ik  ' 


Ik  y2 
X/fe 


Ar  -3.13  l/isA,  i^l/T^iTFTYrv^) 


Y  ^ 


4.  For  any  number  of  mountings  vith  unequal  axial  and  radial  stiffnesses  and  each  mount 
ing  having  its  axis  parallel  to  a  coordinate  axis,  on  the  chart  or  in  any  formula,  and  Dy 
must  have  the  values 


Ilk^X^ 


The  equations  for  the  translational  and  rotational  frequencies  are 
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/j,  =  3.13  /rot 

and,  for  the  rocking  modes,  is  to  be  replaced  by  in  calculating  frequencies  in  the  XZ 
plane,  or  by  /y  for  modes  in  the  YZ  plane,  where  f ^  and  fy  have  the  values 

=  /y  =  3-l3V^ 

3.3.2.  NEARLY  COPLANAR  ARRANGEMENTS 

When  the  mountings  do  not  all  lie  in  a  single  plane  parallel  to  a  principal  plane  of  iner* 
tia,  here  taken  as  the  XY  plane,  there  may  be  only  one  plane  of  vibrational  symmetry,  and  the 
more  complicated  formulas  for  this  condition  of  symmetry  presented  in  Section  3.4  should  be 
used  for  an  accurate  calculation.  If,  however,  the  departure  from  a  single  mounting  plane  is 
rather  small  and  if  the  conditions  for  two  planes  of  symmetry  are  satisRed  when  the  v  iria- 
tion  in  the  value  of  Z  is  ignored,  then  a  sufficiently  accurate  estimate  of  the  frequencies  may 
often  be  obtained  by  using  the  chart  or  the  formulas  for  the  base  mounting  arrangement  with 
an  average  value  of  This  is  illustrated  for  four  noncoplanar  identical  mountings  in 
Problem  9  of  Section  A2,9,  and  for  four  noncoplanar  different  mountings  in  Problem  10  of 
Section  A2.10. 


3.3.3.  NONCOPLANAR  ARRANGEMENTS  WITH  TWO  PLANES  OF  SYMMETRY 

The  Base  Mounting  Chart  is  not  directly  applicable  to  noncoplanar  arrangements  with 
two  planes  of  vibrational  symmetry  where  the  mountings  lie  in  more 
than  one  plane  perpendicular  to  these  two  planes.  Exact  formulas 
for  the  frequencies  are  as  follows,  the  first  two  being  the  same  as 
for  the  plane  base  arrangement: 

Ar,  Z  “  3.13yrT^,  Z  =  8^ 


and  for  the  rocking  modes  in  the  XZ  plane, 
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where 


For  the  racking  modes  in  the  YZ  plane, 


where 


(E/t^  +  IkyZ^) 


Here  3.13  =  vV/i'^.  9.78  =  (// {2nf. 


Equations  for  certain  arrangements  of  inclined  mountings  with  unequal  axial  and  radial 
stiffnesses  and  with  two  planes  of  vibrational  symmetry  are  given  in  Sections  A5.3.2  and  A6.3. 

3.3.4.  SUMMARY  FOR  TWO  PLANES  OF  SYMMETRY 

The  conditions  for  two  planes  of  vibrational  symmetry  and  the  frequency  equations  for 
the  re.siliently  mounted  equipment  are  :zed  in  Table  2  by  types  of  arrangements.  Sketches 

showing  typical  mounting  arrangements  for  each  set  of  equations  are  given  also. 
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2  •  Frequency  Equations  for  Two  Planes  of  Vibrational  Symmetry 
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TABLE  2  (continued) 


TABLE  2  (continued) 
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ONE  PLANE  OF  VIBRATIONAL  SYMMETRY 


Mounting  arrangements  wiUi  one  plane  of  vibrational  symmetry  are  usually  braced 
arrangements  where  the  base  mountings  are  supplemented  by  upper  lateral  mountings.  Such 
arrangements  are  particularly  suited  to  equipment  whose  height  is  large  compared  with  its 
base  dimensions  and  which  i<>  ;^iaced  so  that  lateral  mountings  may  be  attached  to  an  adja* 
cent  bulkhead;  see  Figure  dl.  These  arrangements  have  been  used  for  installations  of  many 
electronic  and  electrical  devices  and  even  for  a  few  items  of  heavy  equipment. 


Figure  21  ^  Common  Arrangements  of  Mountings  for  Equipment  with  One 
Plane  of  Vibrational  Symmetry  (the  YZ  Plane) 

As  usual,  the  XYZ  axes  pass  through  the  center  of  gravity  of  the  equipment  along  the 
principal  axes  of  inertia,  and  any  mounting  with  unequal  axial  and  radial  stifhiessea  has  its 
axis  parallel  to  one  of  the  coordinate  axes.  The  single  plane  of  vibrational  symmetry  is  taken 
as  the  YZ  plane.  The  general  conditions  for  elastic  symmetry  are 
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IkyX  =  0:  =  0,  ^k^XY  =  U,  IkyXZ  =  0 


If  every  mounting  has  the  same  value  of  Ay  and  then 

*  0,  IXY  =  0,  ^XZ  =  0 

Special  arrangements  satisfying  these  equations  are  easily  designed;  see  Figure  22. 
The  simplest  methods  are  the  following: 

1.  Single  mountings  can  be  added  anywhere  in  the  YZ  plane;  see  Figure  22a. 

2.  A  pair  of  identical  mountings,  with  parallel  axes  when  k ^  4  can  be  placed  at  any 
pair  of  points  having  the  same  Y  and  Z  but  having  equal  and  opposite  A'.  Any  number  of  such 
pairs  can  be  added;  see  Figure  22b. 

3.  Equal  and  opposite  translational  shifting  of  any  magnitude  parallel  to  the  F  axis  can 
be  given  to  any  two  mountings  having  the  same  value  of  k^X^  or  equal  and  opposite  shifting 
parallel  to  Z  if  they  have  the  same  value  of  kyX\  see  Figure  22c. 

4.  The  elastic  constants  of  any  mounting  can  be  changed  by  a  factor  of  c  provided  its 
coordinate  X  is  simultaneously  changed  by  the  factor  1/c,  without  change  of  F  or  Z  or  of  the 
orientation  of  its  axis;  see  Figure  22d. 
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Figur**  22d  -  Change  of  Elastic  Constant 
of  a  Mounting 


Figure  22s  -  Replace  ms  nt  of  One 
by  a  pair  of  Mountings 


Figure  22  •  Other  Arrangements  of  Mountings  for  Equipment  with  One 
Plane  of  Vibrational  Symmetry  (the  FZ  Plano) 


5.  Finally,  any  mounting  can  be  replaced  by  two  or  more  mountings  of  equal  total  stiff¬ 
ness  suitably  located.  For  example,  if  the  two  have  stiffnesses  c  and  (1-c)  times  those  of 
the  original,  then  they  may  be  replaced  at  the  same  X  but  at  (}",  Z'),  (Y",Z"),  respectively, 
where 


Y'=aY,  Z'=bZ,  y, 

1-c  1-c 


Here  X,  Y,  Z  is  the  original  position,  a  and  6  are  any  numbers,  and  1  >  c  >  0. 

.^lany  further  modifications  of  the  arrangement  are  possible,  but  it  is  more  tedious  to 
insure  that  the  conditions  for  symmetry  are  satisfied. 

When  vibrational  symmetry  exists  relative  to  the  YZ  plane,  vibration  in  this  plane  is 
independent  of  vibration  perpendicular  to  the  plane.  The  motion  in  the  plane  can  be  resolved 
into  translational  vibration  parallel  to  the  plane  and  rotational  vibration  about  a  perpendicular 
axis  containing  the  center  of  gravity  of  the  equipment.  Vibrational  motion  perpendicular  to 
the  plane  may  be  resolved  into  translation  and  rotation  about  an  axis  lying  in  the  plane  of 
symmetry. 

Calculation  of  the  six  frequencies  /  requires  the  solution  of  the  two  following  cubic 
equations  in  f^\ 

For  notion  in  the  YZ  plane, 


where 


^1  =P2  9l 


C. 


L  J 


W'2  r  2  1_  J 


and  where  ?i  three  of  the  six  quantities 

„  _  9.78  Vi  T,  -  9.78  Vi  r,  ~  9.78  vi_ 

p^~■-—2-kx,  p^-—-2./Cy,  p3-__z/£2 


- 


9.78 


(Yk^Y^  YkyZ^),  ^2  =  Ml  (Yk^X^  +  Yk^Z'^) 


lV>y2 


93 


IVr/ 
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For  motion  perpendicular  to  YZ,  including  rotation  about  an  axis  lying  in  YZ, 


where 


63  =  P,  +  92  +  ?3 


■  f  ■  *  f .  ?3  •  «2  ^  -  -i-  (X4,Z)2  * 

^  I'z  'y  ^y'z  J 


^^J-2  (S*;^yz) 

►r  fy 

Here  9.78  =  g/(2n)^,  95.6  =  j?V(2ff)'*,  1870  =  2^V(2ff)^. 

If  the  mountings  have  equal  radial  and  axial  stiffnesses^  then  mkyk^^kyVL.  single  con¬ 
stant  for  each  mounting;  if  all  the  mountings  are  identical,  (SY)^,  etc. 

The  p*&  and  q*s  serve  as  a  basis  for  the  quantitative  consideration  of  the  frequencies. 
Let  /2’  ^3  denote  the  frequencies  for  motions  parallel  to  YZ.  Then 


Ux  -  ^2)^  +  “  iP2~P3^^  *  (P2~?l)^ 

+  ^  ^95.6  \(^kzY)^  +  (IkyZ)^] 

L  J 


From  the  last  equation,  /j  =  /^  =  only  if  P2  ”  P3  ■  9i  ”  0* 

If  the  latter  sums  do  not  vanish,  their  effect  is  to  spread  the  roots  further  apart.  Thus, 
if  it  is  desired  to  bring  the  frequencies  closer  together,  the  differences  between  p^,  p^,  and 
and  the  sums  just  mentioned  should  be  decreased.  More  precisely,  if  ^  *  ^^y  Z  •>  0, 
then  =  Pj,  m  pj,  *  9i*  Otherwise  the  square  of  the  lowest  of  the  three  frequencies 
cannot  exceed  the  least  of  9i  *“  general  be  less,  whereas  the 

square  of  the  highest  frequency  usually  exceeds  the  greatest  of  p^,  P3,  and  9^,  and  at  least 
cannot  be  less. 
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Figure  23  -  Chart  for  the  solution  of  the  Cubit  Equations  Applicable  to  Canes 
Involving  Plane  of  Vibratic^^al  Symmetry 

The  equationft  are  given  on  pages  53  ond  54.  The  values  of  h  shown  at  the  top  are  th  ‘  '  .luer 
pertaLDing  to  the  curve  whose  upper  or  right-har^d  turning  point  lies  directly  below  the  number. 
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top  ere  the  values 
elow  the  number. 


In  the  case  of  vibration  involving  at  least  some  motion  perpendicular  to  YZy  three  sums 
are  involved: 

Ik^YZ 


To  make  the  three  frequencies  equal,  it  is  necessary  that  all  three  of  these  sums  vanish  and 
also  that  If  all  three  sums  vanish,  tnen  the  three  frequencies  have 

the  values 


In  any  case 


f4  ^  fs  *  =  Pi  ^  ?2  ^  ?3 


"  (Pi-?2)^'*'(S'2"23)^ 


^  6x95.6  r_l_ 


+  J_  (IkxZ)^  +  _J_  ilk^YZ)^ 


r 

^Y 


A  chart,  Figure  23,  has  been  prepared  to  reduce  the  numerical  work  in  calculating 
natural  frequencies  of  equipment.  First,  the  coefficients  S^,  (7^,  and  C^y  of  the 

two  cubic  equations  in  are  evaluated.  Then  the  ratios  a  *  C^/B^  or  ^2^^!  ’ 
b  «  ^  ^  2  calculated.  The  abscissa  of  the  families  of  curves  in  Figure  23  is 

a  m  C ^/B ^  or  ordinate  is  f/\fB~^  or  f/y/W^  depending  upon  whether  the  roots 

of  the  cubic  equation  are  being  determined  for  motion  in  plane  YZ  or  perpendicular  to  plane 
YJ,y  respectively.  Curves  representing  discrete  values  of  6  -  D^/B^  or  D^/B^  are  plotted; 
to  assist  in  identifying  these  curves,  values  of  h  at  the  upper  or  right-hand  turning  points  of 
the  curves  are  shown  on  scales  above  the  plot.  If  the  ordinates  f/\f5  are  read  for  the  three 
intersections  of  the  calculated  value  of  a  ■  C/B^  with  the  appropriate  curve  b  *  D/B^j  these 
ordinates  multiplied  by  \/B  give  three  of  the  frequencies.  The  multiplication  may  be  avoided 
by  use  of  the  alignment  chart  shown  at  the  right,  in  Figure  23. 

A  typical  numerical  example  for  calculating  natural  frequencies  of  resiliently  mounted 
equipment  with  one  plane  of  vibrational  symmetry  is  Problem  11  in  Section  A2.11. 


3.4.1.  SUMMARY  FOR  ONE  PLANE  OF  SYMMETRY 

The  conditions  for  one  plane  of  vibrational  symmetry  and  the  frequency  equations  for 
resiliency  mounted  equipment  are  summarized  in  Table  3.  Sketches  showing  typical  applicable 
arrangements  for  each  set  of  equations  are  given  also. 
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TABLE  8  •  Frequency  Equations  for  One  Plane  of  Vibrational  Symmetry 


Mountings 

Conditions 

of 

Elastic  SysMtry 

Frequency  Equetionr 

Identical 

or 

Different 

Direction 

cf 

Moenting 

Axes 

Mounting 

Stiffnesses 

Identical 

Any 

*,-*,-* 

-  const 

-0 

^  ,  Any  Number  of  Mountings 

Motion  Parallel  to  YZ  Plane 

S,-P2+f3  +  Ji 

/,  95.6 

2  r^fe^y)^  +  (2*yZy»] 

W 

•?’2?’35i  ■■  IPj  +  P3(2*^ 

Tcanslation  k  to  YZ  Plane  or  Rotation  About  an  Axis  in  YZ  Plane 

<^5-Pi?2+Pi?s-^73?3  ^  [l-(2*j^y)2  +  i-(2V)2+_. 

W  fj, 

W  Ir^  fy  ry 

where 

-SJS  Tjfc  «  .SJ8  TL  «  .9*78  vk 

(2*,y2  +  2*yZ*),  omUid.kzX^^lkxZ^),  Jj 
IVr;^  ^  ^  ^^^2 

Then  for  obtaining  frequencies  from  the  chart.  Figure  2). 

Three  frequencies  •  YZ  Plane  T1 

a.£l.  6-£i,  B-e, 

■ 

K*K 

2*  y  -  SJkjJtZ  -  0 

Different 

Any 

ikx  -  2i:;iry  -  ikxz  -  o 

EKb  Axis 
Parallel  to 
One  of 

4 

j 

See  Sections  AS.4t  AS.7,  and  AS.2  for  additional  cases.  1 

Principal  Axes  X,  y,  Z  Plane  of  Vibrational  Symmetry  YZ  1 
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APPENDIX  1 

-  ^  TRANSMISSIBIUTY  AND  ISOLATION  THEORY 

In  the  case  or'  a  mass  attached  to  a  spring,  whether  a  sinusoidal  force  acts  directly  cm. 

\ 

the  mass  or  a  sinusoidal  motion  is  impressed  on  the  support  the  amplitude  of  the  mass  will  vaiy 
with  the  frequency.  This  physical  principle  is  utilised  in  isolating  machinery  or  equip¬ 
ment  from  motions  of  a  support  or  in  isolating  the  support  from  motions  or  forces  generated  by 
the  machinery.  Isolation  is  attained  by  making  the  natural  frequency  of  the  mass-spring  system 
such  that  the  response  of  either  the  equipment  or  the  support  is  sufficiently  small  to  be  satis¬ 
factory  for  the  particular  installation. 

If  the  mass  is  considered  concentrated  at  a  point,  and  the  supporting  spring  is  almost 
weightless,  and  if  the  mass  is  constrained  to  move  in  one  direction  only,  then  the  system  has 
one  degree  of  freedom.  Its  behavior  can  be  approximated  by  analysis  based  on  simple  vibra¬ 
tion  theory,  even  for  nonlinear  springs  such  as  resilient  mountings  if  their  displacements  are 
small. 


Al.l-  EXCITATION  BY  AN  IMPRESSED  FORCE 

From  Newton’s  second  law,  the  acceleration  of  a  given  particle  is  proportional  to  the 
force  applied  to  it  and  acts  in  the  direction  of  the  force.  This  may  be  expressed  as  F  «  ma, 
or  for  more  than  one  force,  =  ma  or  2F  -  ma  ■*  0.  First  let  a  sinusoidal  force  be  impress 
ed  on  the  mass  of  a  one-de^ree-of-freedom  system.  Then  the  forces  on  the  mass  are:  the 
sinuscxdal  force  Pq  sin  cj  f,  a  damping  force  proportional  to  the  velocity  of  the  mass  c®,  and 
the  restoring  force  of  the  spring  proportional  to  the  displacement  of  the  mass  relative  to  the 
support  kx\  see  Figure  24. 


Driving 

Force 


Figure  24  -  Free-Body  Diagram,  One-Degree-of-Freedom  System 
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Therefore,  by  Newton’s  second  law,  the  equation  of  motion  is 


mx  =  -  ci  -  Ax  +  Pq  sin  o)t 


mx  +  ci  +  Ax  -  Pq  sin  a>^  =  0 


The  solution  of  this  equation  for  steady  vibrations  with  transient  terms  omitted  is 

Pq  sin  (c)t-(t>) 


m  y  +  (2n<o)^ 


w  here  6  =  tan”  ^ 


6J  ^  =  v/J  /m  is  the  natural  frequency  in  radians  per  second,  and 
cj  the  exciting  frequency  in  radians  per  second. 


The  equation  can  be  written 


where 


Xj  =  A  sin  {cot  -  (}>) 


/;  4n^6j^ 


The  amplitude  can  also  be  expressed  in  terms  of  the  static  deflection  x^^  that  would  bo  pro* 
duced  by  a  steady  force  of  magnitude  P^  applied  to  the  mass 


Pq  Pq 

k  fncil  * 


Tlie  amplitude  becomes 


.1  =  X 


**  [/  (o^  4n^ 
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Magnification  Factor 


Figure  25  •  Curves  of  Magnification  Factors 
versus  Frequency  Ratios  in  Steady-State 
Vibration  of  a  System  ot 
One  Oegree  of  Freedom 


Figure  26  -  Curves  of  Phase  Angle  versus 
Frequency  Ratios  in  Steady-State 
Vibration  of  a  System  or 
One  Oegree  of  Freedom 


is  called  the  magnification  factor.  This  factor  times  the  static  deflection  gives  the  maximum 
displacement  of  the  mass.  Normally  the  term  <0^/(0^  is  much  less  than  unity.  As  the 
ratio  co/cuj^  approaches  1,  the  magnification  factor  for  zero  damping  becomes  infinite.  In 
practical  cases,  damping  usually  reduces  the  factor  to  10  or  less  at  resonance.  If  the  ratio 
6j/cj  ^  is  much  less  than  1,  the  factor  approaches  1;  if  the  ratio  is  much  greater  than  1, 

the  factor  approaches  zero;  see  Figure  25. 

Since  the  force  on  the  mass  is  sin  ut  and  the  displacement  of  the  mass  is  A  sin 
0  is  the  phase  angle  between  the  force  and  the  displacement.  In  another  form, 


whore  is  the  value  of  c  that  produces  critical  damping  and  has  the  value  2m£o„  =  2k/<o^. 
Critical  (lamping  is  the  damping  just  sufficient  to  cause  the  system  to  return  tc  its  rest  position 
without  oscillation  offer  an  initial  displacement.  The  angle  0  is  small  for  small  values  of 
and  the  force  P  sin  ajf.  leads  the  displacement  A'  by  a  small  amount,  F'or  values  of 
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co/cj^  greater  than  1,  0  approaches  180  deg,  and  the  displacement  is  almost  completely  out  of 
phase  with  the  exciting  force;  see  Figure  26. 

The  transmissibility  T  is  commonly  defined  as  the  ratio  of  the  force  transmitted  to 
the  support  to  that  imposed  on  the  mass.  The  transmitted  force  is 


c  + 


k  X  ^  = 


+  (2716^)2 


[k  s\n(cot-<f>)  +  ccj  cos  (6)^-0)] 


Since  k/m  -  when,  the  damping  factor  c/c^  is  small,  the  equation  reduces,  except  for 
very  large  cj,  to  T  =  1/(1  When  becomes  small,  the  transmissibility  approaches 

zero  and  as  becomes  large,  the  transmissibility  approaches  1. 


A1.2.  EXCITATION  BY  MOTION  OF  SUPPORT 

For  application  to  shock  excitation,  it  is  useful  to  consider  also  the  case  in  which 
there  is  no  impressed  force  on  the  vibrating  mass,  but  the  support  is  given  a  sinusoidal  mo 
tion.  Lot  the  displacement  of  the  support  be 

x^  -  b  sin  <u  t 

The  equation  of  motion  for  the  mass  is  then 

mx  c{i  -  ^  k{x  -  -  0 

The  solution  for  the  steady-state  vibration  is 

sin  [cj  t  “tan“^  — ^ 

L  k  -m  ^ 

This  equation  is  the  same  as  for  the  previous  case  except  that  is  replaced  by  h  \Jk^ 
and  a  phase  angle  is  added  to  a>  /  -  0 . 

The  ratio  of  the  amplitude  of  vibmion  of  the  mass  to  the  amplitude  of  vibration  b  of 
the  support  is  thus 
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Hence  the  transmissibility  T  can  also  be  defined  as  the  ratio  of  the  amplitude  of  vibration  of 
the  mass  to  the  amplitude  of  vibration  cf  the  support  when  the  motion  of  the  mass  is  excited 
by  motion  of  the  support  and  not  by  an  impressed  force.  The  ratio  of  the  velocities  and  the 
ratio  of  the  accelerations  are  also  equal  to  f. 


APPENDIX  2 

NUMERICAL  EXAMPLES 


Typical  numerical  examples  illustrating  the  determination  of  centers  of  gravity,  moments 
of  inertia,  and  natural  frequencies  of  resiliently  mounted  equipment  with  various  symmetrical 
arrangements  of  mountings  are  presented  in  this  Appendix. 


A2.1.  PROBLEM  1  -  CENTER  OF  GRAVITY 


Assume  that  the  center.s  of  gravity  of  the  subbase  A  and  of  the  individual  units  B  and 
C\  Figure  -27,  arc  at  their  respective  centers.  Determine  the  center  of  gravity  of  the  assembly. 


10*’  C 


The  weights  are: 

Subbase  A  150  lb 

Unit  B  90  lb 

Unit  C  150  lb 

Total  Weight  --  S IV  «  390  lb 


Figure  27  •  Problem  1  -  Determination  of  Center  of  Gravity  of 
Assembly  of  Two  Units  and  a  Subbase 


Take  as  the  moment  about  the  x  axis  the  weight  of  the  individual  unit  in  pounds  times 
the  y  coordinate  of  its  center  of  gravity  in  inches. 


(Wlb 

h  -I’j" 


- — 10 

^  c 

—  m 

1 

'  I'jO  lb 

li'  X  y 

Subbaso  A  150  x  10  -  1500 
Unit  n  90  X  4  -  300 

Unit  C  1,50  X  15  „  2250 


»)3 


y 


i/  -  4110  in.. lb 


Dividing  the  total  moment  Sli'y  by  the  weight  the  distance  y  from  the  x  axis  to  the 
center  of  gravity  is  determined. 


Mjl=  4110 
IW  390 


= 10.5  in. 


Take  as  the  moment  about  the  y  axis  the  weight  of  the  individual  unit  in  pounds  times 
the  X  coordinate  of  its  center  of  gravity  in  inches. 


- - 15"  — ► 

—  7.5"— j 

IV  X  a; 

A 

1  h 

Subbase  A 

150  X  7. .5  =  11-2.5 

'150  lb 

Unit  B 

90  X  3  =  270 

Unit  C  ISO  X  11  =  1650 


Take  as  the  moment  about  the  x  axis  the  weight  of  the  individual  unit  in  pounds  times 
the  2  coordinate  of  it^^  center  of  gravity  in  inches. 
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The  center  of  gravity  of  the  assembly  is 

7.6  in.  back  of  the  front  edge  of  the  subbase, 

10.5  in.  to  the  right  of  the  left  edge  of  the  subbase,  and 

3.8  in.  up  from  the  bottom  edge  of  the  subbase, 

that  is,  the  coordinates  of  the  center  of  gravity  with  respect  to  the  references  axes  are 
X  -  7.8  in,,  y  =  10.5  in.,  z  -  3.8  in. 

A2.2.  PROBLEM  2  •  MOMENT  OF  INERTIA 

Assume  the  same  units  of  equipment,  B  and  C,  and  subbase  as  in  Problem  1,  see 
Figure  27.  Determine  the  moments  of  inertia  abjut  axes  in  the  x,  y,  and  z  directions  through 
the  center  of  gravity  of  the  assembly. 

In  Problem  1,  the  location  of  the  center  of  gravity  of  the  assembly  was  calculated  as 

7.8  in.  back  of  the  front  edge  of  the  subbase, 

10.5  in.  to  the  right  of  the  left  edge  of  the  subbase,  and 

3.8  in.  up  from  the  bottom  of  the  subbase. 

Assume  the  moments  of  inertia  of  the  individual  units  about  axes  through  their  centers 
of  gravity  in  the  Xy  y,  and  z  directions  to  be 


/,  lb  in.  sec^ 

Unit  A 

Unit  B 

Unit  C 

u 

13.08 

1.94 

5.31 

h 

IM 

1.40 

4,15 

20,24 

1.94 

5.31 

hfow  that  the  moments  of  inertia  of  the  individual  units  about  axes  through  their  cen* 
tors  of  gravity  are  known,  the  transformation  formula,  for  example,  ! ^  =  I 4  for  axes 
parallel  to  the  X  axis,  may  be  used  to  determine  moments  of  inertia  about  parallel  axes  through 
tlio  center  of  gravity  of  the  assembly.  The  formula  shows  that  the  moment  of  inertia  about  any 
axis  is  equal  to  the  moment  of  inertia  about  a  parallel  axis  through  the  center  of  gravity  of  the 
unit  plus  the  mass  of  the  unit  multipheci  by  the  square  of  the  distance  between  the  axes. 

Before  the  transformation  formula  can  bo  used,  the  squares  of  these  distances  must  be 
calculatod.  But  first  tho  distances  of  the  center  of  gravity  of  uach  unit  in  the  y,  and  z 
directions  from  the  center  of  gravity  of  the  assembly  must  be  determined;  they  are 


Oirer.tion 

Unit  A 

Unit  B 

Unit  C 

X 

0,3  in. 

4.8  In. 

3.2  in. 

y 

0.5  III. 

6.5  in, 

4,5  in, 

z 

2.’'  in. 

1.2  in, 

2,2  in. 

^5 


The  squares  of  the  distances  between  the  axes  of  the  units  and  those  of  the  assembly  and 
the  moments  of  inertia  of  the  assembly  may  now  be  calculated. ♦ 


Axes 

Parallel  to 

I'nit  A 

Unit  B 

Unit  C 

(>/(  1.2)2  +  (6.5)2)^ 

=  43.69  in.2 

y 

(v/(0.3)2i  (2.fi)2)^ 

=  7.93 

{v/(1.2)2  + (4.8)2)^ 

=  24.48 

(Vt3.2)2  + (2.2)2)^ 

=  15.08 

2 

(vA0.3)2  + (0.5)2) 

=  0.34 

(v(6.5)2  + (4.8)2)^ 

I  -  65.29 

(^^4.5)2.  (3.^)2)^ 

=  30.49 

About 

Unit  A 

Unit  B 

Unit  C 

Total 

/  =/  +TOr/2 

X  T,  C,g. 

X  Axis 

13.08 +J^x  8.09 
386 

.  1.94 +-^x  43.69 
38S 

=  5.31 +  -i5.ix  25.09 
386 

=  43.41 

=  13.08  +  3.14 

=  1.943  +  10.19 

=  5.31  +  9.75 

call 

^  16.22  lb  in.  sec^ 

=  12. 15  lb  in.  sec2 

=  15.06  lb  in.  sec2 

43.4  lb  in.  sec2 

/  a  /  +  md^ 

y  y*  c,$. 

yAxis 

=  7.42  +  -i^x  7.93 
386 

=  1,40  +  iix  24.48 
386 

.  4.15  +  15ix  15.08 
386 

=  27.62 

=  7.42  +  3.08 

=  1.40  +  5.71 

=  4,15  +  5.86 

call 

=  10.50  lb  in.  sec2 

«  7,11  lb  in,  scc2 

=  10.01  lb  in.  sec2 

27.6  lb  in,  $ec^ 

I  =1  +  md^ 

z  z,  c,g. 

z  Axis 

=  20.24  +  1-50  ^  0  34 
386 

=  1.94  +  iix  65,29 
386 

=  5,3! +i5ix  30,49 
386 

=  54.70 

=  20.24  +  0.13 

=  1.94  +  15.23 

=  5,31+  11.85 

call 

20.37  lb  in,  sec2 

17.17  lb  in.  £ec2 

=  17,16  lb  in.  £0c2 
_  _ _ 

54.7  lb  in.  sec2 

*No  iittflmpt  wflt  made  to  arrsngtf  units  on  the  subbsse  so  thst  the  ^  sxss  would  be  prlncipsl  sees.  In 
pfi'Ctice,  the  units  should  be  srrsnKed  so  thst  the  center  of  K'svlty  Is  close  to  the  freometrlcsl  center  of  the 
assembly  and  the  (>rlnclpsl  axes  are  parallel  to  the  sides  of  the  sasembly. 


A2.3.  PROBLEM  3  •  COMBINATION  OF  PROBLEMS  1  AND  2 

By  Rearrangement  of  Operations,  the  Centers  of  Grovity  and  Moments  of  Inertia 
are  Worked  Together,  Reducing  the  Computations 


Unit 

B 

Vt 

X 

mx 

mx^ 

D 

my 

2 

my^ 

z 

mz 

mz^ 

'x 

'z 

150 

0.389 

7.5 

2.92 

21.90 

10.0 

3.89 

38.90 

1.0 

0.39 

0.39 

13.08 

7.42 

20.24 

6 

90 

0.233 

3.0 

0.70 

2.10 

4.0 

0.93 

3.73 

5.0 

1.17 

5.83 

1.94 

1.40 

1.94 

15C 

0.389 

11.0 

4.26 

47.07 

15.0 

5.84 

87.53 

6.0 

2.33  ; 

14.00 

5.3). 

1 

4.15 

5.31 

V 

390 

1.011 

7.90 

71.07 

10. 6G 

130.2 

3.89 

20.22 

20.33 

12.97 

27.49 

T*  s 

771  X 

7.90 

=  7.80 

in.; 

60.8 

i  m 

'  1.011 

V  = 

^  mV 

=  10.54 

in.; 

p  - 

111.1 

j 

/7t 

~  1.011 

Z  c 

3.89 

=  3.85 

i  n  ' 

14.8 

^  m 

1.011 

1 11. } 

I X  f  X,  c.n.'^  ^  m  1  -  S  m{y^  +  z^) 

=  20.33  +  130.2  +  20.22  -  1.011  (111.1  +  14.8)  =  43.6  Ib-in.-soc^ 
ly  - I y^  ^  Xm  +  l,m  z^  -  l,m{x^  +  z^) 

-  12.97  +  71.07  +  20.22  -  1.011  (60.8  +  14.8)  =  27.8  lb-in. -sec^ 
fj  =  X  I  +  Xm  +  X  m  y^  -  X  m(x^  +  y^) 

-  27.49  +  71.07  +  130.2  -  1.01 1  (60.8  ^  111.1)  »<  56.2  Ib-in.-Hec^ 

A2.4.  PROBLEM  4  •  CENTER-OF-GRAVITY  MOUNTING  ARRANGEMENT 
THREE  PLANES  OF  VIBRATIONAL  SYMMETRY 
FOUR  COPLANAR  IDENTICAL  MOUNTINGS 


Tho  unit  in  u  Holid  homogoneouH  roctangular  body  and  weighs  4000  lb;  see  Kigure  28. 
Tho  fi  nUrr  of  gravity  is  at  tlie  geometrical  center  of  tho  unit.  Tho  X,  Y,  and  Z  axes  coincide 
with  Uio  principal  axes  of  inortia.  'I'ho  dimensions,  moments  of  inertia,  radii  of  gyration,  and 


initial  locations  of  the  resilient  mounts  are 


Z  =  50  in.  7;^  =  1230  lb-in. -sec^  =  10.9  in.  q ^  =  23  in. 

1C  =  32  in.  ly  -  2500  lb-in. -sec^  fy  -  15.5  in.  Dy  =  19  in. 

A  =  20  in.  *  3040  lb-in. -sec^  r2  =  17.1  in.  7^2  =  0  in. 

Four  lOOO-lb  mountings  are  attached  to  brackets  of  the  unit  in  a  horizontal  plane  con¬ 

taining  the  center  of  gravity  of  the  unit. 

Using  the  value  of  the  rated  frequency  of  the  mounting  obtained  from  the  standard  re¬ 
port  form,  here  taken  to  be  15  cps  for  the  supported  load  of  1000  lb,  the  dynamic  stiffness  of 
a  single  1000-lb  mounting  may  be  determined  from  the  formula 

k  =  ^  =  —  =1Q00(15I^  =  23,000  Ib/in. 

S'  9.8  9.8 

The  translational  and  rotational  natural  frequencies  of  the  equipment  supported  by 
these  four  mountings  are 


6.26  _  6.26  X  19  .  723,000 

yW  10.9  y  4,000 


26.1  cps 


L 


Figure  28  •  Problem  4  •  I'hroe  Pianos  of  Vibrational  Symmetry 


^fot,  y 
^ot,Z 


6.26  1) 

X  i/T  _  6.26  X  22  1  / 

23,000 

22.3  cps 

"  is.2  r 

4,000 

=  I 

'7.  1 

/1L(u3^d3) 

!  H  ^  17.1 

1/23.000 

K  4,000 

((23)^ +  (19)2)  =  26.1  cps 

The  ^  and  2  natural  frequencies  are  the  same  solely  by  coincidence. 

If  the  maximum  deflection  across  the  mounting  under  shock  is  assumed  to  be  1  in.  either 
side  of  an  equilibrium  position,  the  clearance  around  the  equipment  should  be  1  in.;  see 
Section  1.6. 

If  the  mountings  can  be  positioned  closer  in  the  X  and  Y  directions,  reducing  and 
Dyy  tlie  rotational  frequencies  ^rot,  Y  reduced  proportionally,  while  remains 

the  same.  If  the  translational  frequency  is  not  satisfactory  with  respect  to  noise  transmission 
and  a  lower  natural  frequency  is  desired  in  this  mode,  other  mountings  with  rated  frequencies 
lower  than  15  cps  must  be  selected.  In  this  problem  the  D  y  distance,  and  therefore 
cannot  oe  reduced  with  a  solid  body,  ilowever  0 x^  therefore  y  and  to  a  lesser  extent 
/rot,  Z’  reduced.  If  the  equipment  were  not  solid  and  the  components  could  be  redistrib¬ 
uted,  an  increase  in  a  smaller  increase  in  and  a  decrease  0 x  reduce  all  the 

rotational  frequencies. 

Another  illustration  of  the  application  of  the  formulas  for  equipment  having  three  planes 
of  vibrational  symmetry,  Problem  5,  is  also  presented  in  this  appendix.  In  this  problem  moments 
of  inertia  about  any  axis  in  the  XY  plane  through  the  center  of  gravity  are  the  same.  The  ques¬ 
tion  here  is  the  location  of  the  XZ  and  YZ  planes  of  symmetry.  If  the  planes  are  taken  at  46 
deg  to  the  mountings,  the  formulas  for  four  mountings  previously  presented  may  be  used.  If 
these  pianos  of  symmetry  are  taken  through  the  mountings,  then  the  coefficient  of  the  equa¬ 
tions  becomes  4.43  rather  than  6.26  because  two  mountings  instead  of  four  are  acting  with 
respect  to  either  the  XZ  or  YZ  plane  of  vibrational  symmetry.  The  natural  frequencies  obtain¬ 
ed  by  calculation  are  the  same  for  either  procedure.  Still  another  illustration  of  a  problem  with 
mountings  arranged  v/ith  three  planes  of  vibrational  symmetry  is  Problem  6,  also  in  this 
appendix. 


A2.5.  PROBLEM  5  •  CENTER-OF-GRAVITY  MOUNTING  ARRANGEMENT 
THREE  PLANES  OF  VIBRATIONAL  SYMMETRY 
FOUR  COPLANAR  IDENTICAL  MOUNTINGS 

Tho  unit  is  a  cylindrical  body  and  weighs  6000  lb;  see  Figure  29.  The  center  of  gravi¬ 
ty  is  on  the  axis  of  the  cylinder,  26  in,  from  its  bottom.  Tho  A,y,  and  Z  axes  coincide  with 
the  principal  axes  of  inertia  of  tho  body.  In  this  instance  the  moment  of  inertia  about  any  axis 
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through  the  center  of  gravity  in  the  XY  plane  is  the  same.  The  dimensions,  moments  of  inertia, 
and  radii  of  gyration  of  the  body  and  initial  loc.ntions  of  the  resilient  mountings  are 


Z  =  48  in. 
w  =  48  in. 
A  =  72  in. 


I X  =  8.76  X  10^  lb-in. -sec^ 
/y  =  8.76  X  10^  lb-in. -sec^ 
1 2  =  3.72  X  10^  lb-in, -sec^ 


=  26.0  in. 
Ty  =  26.0  in. 
1* 2  ~  17.0  in. 


D ^  =  19.8  in. 
Dy  =  19-8  in. 
£>2  =  ^  in. 


Four  1200-lb  mountings  are  attached  to  brackets  of  the  unit  in  a  horizontal  plane  con¬ 
taining  the  center  of  gravity  of  the  unit.  The  dynamic  stiffness  of  one  1200-lb  mounting  may 
be  determined  by  the  formula 


k  r-. 


(2nf) 


2  it 

9 


W 

"iX 


in  ’vhich  the  value  of  the  natural  frequency  obtained  from  the  standard  report  form,  and  here 
assumed  to  be  15  cps  for  the  1250-lb  load  to  be  supported,  is  used. 


k  = 


Wf^ 

9.8 


1250  (15)2 

911 


=  28,700  Ib/in, 


The  translational  and  rotational  natural  frequencies  of  the  equipment  supported  by  the 
four  mountings  are 


fu 

^roi,  X 
^ rot,  y 


6.26  \fl 

^  -  6.26  l/i.8i.700 

Y  5000 

=  15  cps 

6,26  £)y  . 

l/r  _  6.26  X  19.8  1 

|/28,700 

''A 

\  W  26.0  1 

y  5000 

6.2&Dy 

\fk  _  6.26  X  19.8  1 

|/28,700 

'•y 

y  W  26.0 

y  5000 

A 


rot,  Z 


Mi  i/A.(ZP  2  ,  dJ)  =M1  \l MilOO  [(19.8)2  ^  (19^8)2]  -  24.7  cpr. 
y  W  ^  ^  ^  17.0  V  500^  V  /  V  / 


In  this  problem,  when  the  moments  of  inertia  or  the  radii  of  gyration  are  the  same  about  the 
X  and  y  axo.s,  the  rotational  frequencies  are  the  same. 
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Figure  29  -  Problem  5  -  Three  Planes  of  Vibrational  Symmetry 

The  translational  frequency  is  a  function  of  the  mounting  frequency.  To  reduce  this 
frequency,  mountings  with  lower  natural  frequencies  under  normal  load  must  be  selected.  Tho 
rotational  frequency  2  reduced  by  redistribution  of  the  components  of  the  unit  so 

that  ^2  is  larger. 

For  any  of  this  group  of  problems,  it  should  be  noted  that  need  not  be  calculated  if 
the  load  per  mounting  is  the  same  as  the  load  associated  with  the  natural  frequency  of  the 
mounting,  which  is  obtained  from  the  report  form  to  calculate  the  spring  constant.  It  should 
also  be  noted  that  may  not  be  exactly  tho  same  in  the  A,  V,  and  Z  directions  and  depends 
again  on  the  mounting  characteristics  in  the  axial  and  radial  directions.  Nevertheless,  for 
mountings  having  nominally  equal  radial  and  axial  stiffnesses,  it  can  be  assumed  that  the 
natural  frequencies  in  the  two  directions  are  close  enough  to  be  represented  by  one  number 
for  most  practical  problems. 
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A2.6-  PROBLEM  6  •  CENTER-OF-GRAVITY  MOUNTING  ARRANGEMENT 
THREE  PLANES  OF  VIBRATIONAL  SYMMETRY 
FOUR  COPLANAR  DIFFERENT  MOUNTINGS 

The  unit  is  a  nonhomo/^eneous  rectangular  body  and  weighs  3600  lb;  see  Figure  30. 
The  center  of  gravity  is  10  in.  back  of  the  front,  10  in.  to  the  left  of  the  right  side,  and  10  in. 
up  from  the  bottom  of  the  unit.  The  A',  T,  and  Z  axes  coincide  with  the  principal  axes  of 
inertia.  The  dimensions,  moments  of  inertia,  and  radii  of  gyration  of  the  body  are 


I  =  50  in. 
u  =  30  in. 
A  =  20  in. 


-  1500  Ib-in.  scc^ 
I y  =  2800  lb-in,  sec^ 
/ pr  =  3600  lb-in,  sec^ 


^  12,0  in. 
fy  =  16.4  in. 
^  18,6  in. 


Figure  30  •  Problem  6  -  Tliree  Planes  of  Vibrational  Symmetry 


Four  different  mountings,  each  having  equal  axial  and  radial  stiffnesses,  are  attached 
to  brackets  at  distances  from  the  center  of  gravity  of  the  equipment  inversely  proportional  to 
their  stiffnesses  in  order  that  elastic  symmetry  be  obtained.  The  mountings  selected  wore 
2000-,  1000“,  400-,  and  220-lb  mountings. 

Their  stiffnesses  are: 


For  the  2000-lb  mounting, 

,  W'/2  2000  (15)2 

K  •  rn  — -  SI  - - - 

*  9.8  9.8 


45,900  Ib/in. 
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For  the  1000*lb  mounting, 

*2  =23,000  Ib/in. 

2  9.8  9.0 

For  the  400-lb  mounting, 


A*3  - - -  ^pOjA^  ^  ^200  Ib/in. 

^  9.8  9.8 

For  the  220-lb  mounting, 

J  .  *111  ,  -imml  .  5100  Ib/in. 
^  9.0  9,8 

The  mounting  locations  ana  their  spring  constants  are 


220  (l.S)‘ 


5100  Ib/in. 


I 

7 

•34.92 

•31..- 


Y-±D, 

Z  = 

12 

0 

45,900 

-23.95 

0 

23,000 

12 

0 

9,200 

-21.65 

0 

5,100 

lit  .  0.32  V  10^  1A-/);^2  ^  1.067  X  10^  1  A:  =  2.357  x  lO’, 

The  natural  frequencies  are 


/,^=  3.13  =  3.13 


/— i—  X  0.32  X  10^  =  15.0  cps 

r  A  A  * 


since  14;^.  =  i/ty  .  lA:^.  /,,,  v  =  4,  T  =  Ar. 

^  3.6  i/l  V  M  2  3.13  l/i 


ll*y  2  ^  3^3  i/StVioZ  ^  21.1  cps 
IV  ^  12.0  y  3600 


/  , ,  .  MJl/Lxiti  2  .  MS  l/Ugb?.  »  1°.'  .  11.1  cps 

ry  f  b  *  lb.1  f  1000 

/  ,-hB\/L{lU),^  .  1^-/;^^)  .M3  ^  ^  18.4CP3 

'rot,/  «  y  11'  A  I  in  /;  r  ‘ 


A2.7.  PROBLEM  7  -  BOTTOM  MOUKTING  ARRANGEMENT 
TWO  PLANES  OF  VIBRATIONAL  SYMMETRY 
FOUR  COPLANAR  IDENTICAL  MOUNTINGS 

The  unit  is  a  rectangular  non  homogeneous  body  and  weighs  7500  lb;  see  Figure  31. 
The  center  of  gravity  i.s  6  in.  above  the  bottom  of  the  unit  and  at  its  midlength  and  midwidth. 
Tho  ,V,  Y,  and  Z  axe..i  coincide  with  the  principal  axes  of  inertia.  The  dimensions,  moments 
of  inertia,  and  radii  of  gyration  are 
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Figure  31  •  Problem  7  •  Two  Planes  of  Vibrational  Symmetry 


I  —  68  in»  I ^  ^  8*66  x  10^  lb-in*-s©c^  f ^  —  21«1  in* 

w  -  34  in.  /j  -  4.37  x  10^  Ib-in.-sec^  ry  =  15. J  in* 

A  =  24  in*  =  9.36  x  10^  lb-in. -sec^  ^  21.9  in. 

Let  it  be  assumed  that  this  unit  was  subjected  to  vibration  tests  in  accordance  with 

Military  Specification  MIL-T-17113  (SHIPS);"*  the  most  severe  excitation  of  the  components  of 
the  equipment  occurred  at  an  exciting  frequency  of  24  cps.  Therefoie  it  is  desired  to  avoid 
resonance  at  this  frequency  aboard  ship.  In  addition  the  equipment  has  an  exciting  frequency 
of  to  cps  (2400  rpm)  due  to  a  rotating  part.  It  is  desired  to  avoid  this  frequency  in  order  to 
reduce  the  transmission  of  structure«borne  noise.  To  avoid  any  magnification  of  vibration,  the 
rated  frequency  of  the  mounting  selected,  with  its  share  of  the  dead  load  of  the  equipment 
applied,  sho'  Id  be  less  than  the  exciting  frequency  divided  by  v2»  ^han  f/\'2  = 

24/  v'^  =  17  cps.  This  mounting,  for  the  moment,  may  be  assumed  to  be  satisfactory  with 
respect  to  the  40-cps  excitation  in  the  equipment. 

By  referring  to  performance  data  in  report  form  on  various  mountings,  as  illustrated  in 
Appendix  4,  a  2000-lb  mounting  with  a  rated  frequency  of  15  cps  obtained  for  a  dead  load  of 
7500/1  or  1875  lb  can  be  found.  Assume  that  the  performance  data  for  this  mounting  shows 
equal  stiffnesses  in  the  axial  and  radial  directions,  therefore  permitting  easier  use  of  the 
Base  Mounting  Chart  in  determining  the  natural  frequencies  of  the  rocking  modes  of  the  equips 
Rient.  Assume  also  that  under  tests  on  a  shock  machine  the  mountings  have  adequate  shock 
strength,  and  the  maximum  deflection  across  the  mounting  is  0.75  in.  from  the  equilibrium 
position  in  ail  directions. 

Solving  the  frequency  equation  for  the  dynamic  spring  constant  k  gives 


k  =  (2^  fy  — - -  ^  0.1022  (15)^  1875  =  43,000  Ib/in.  for  one  mounting 

17  0.8 


where  W  =  7500/'4  =  1875,  and  the  translational  frequency,  of  the  equipment  with  four 
mountings  is 


1  /T  1  /^3~000 

L  ^  6,261/^  =  6.26  1/ - 

y  IV  Y  7500 


=  15.0  cps 


where  IV  =  7500. 

Now,  for  the  YZ  plane,  locate  on  the  Base  Mounting  Chart,  Figure  20,  the  half-length 

of  the  base  divided  by  the  radius  of  gyration,  (1/2)  /r^  =  34/21.1  =  1.61,  and  the  distance  from 

the  center  of  gravity  to  the  plane  of  attachment  of  the  mountings,  D  -  6/21.1  =-  0.284  in 

nondimensional  units,  as  shown  in  Figure  29.  One  position  of  the  mounting  along  this  line 

will  give  a  value  for  1.65  and  Dy/r^  1.60,  or  Dy  1.60  =  1.60  x  21.1  ~  33.8  in. 

Therefore  the  four  mountings  should  be  a  distance  Dy  =  33.8  in.  in  the  Y  direction  from  the 

center  of  gravity  of  the  equi[)iuGnt.  For  this  mounting  location  the  chart  gives  the  value 

(/  //  )  -  0.975.  With  the  /*  already  con  putcfl,  the  values  of  /  and  f  ,  the  two 

'min  Mr  t'  *  max  H.m 
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rocking  mouos  in  ihe  )'/  f)lanG,  may  now  be  computed 


^  nun  _  ^min 
^mox  IS.O 

^max  ^max 

^niin  li,6 


0.97 


l.6r> 


14,6  cps 


24.1  cps 


In  a  similar  way,  the  natural  frecjuencios  of  the  rocking  modes  in  the  .\Z  plane  may- 
now  be  computed,  again  using  Uie  Case  Mounting  Chart,  Figure  20.  Tlie  half-width  of  the 

base  is  laid  off  (u/2)/ry  =  17/15.0  =  1.13  at  a  height  P^/ry  -  6/15  =  0.40.  The  value  at 
the  mounting  position  is  taken  as  /mm"  This  point  is  Py^./ry  ■=  1.0,  or  /9  ^  =  1.0  xry 

=-  1.0  X  15.0  ^  15  in.  Therefore  the  four  mountings  are  a  distance  P  ^  =  13  in.  in  the  A'  direc¬ 
tion  from  the  center  of  gravity  of  the  equipment.  For  this  mounting  location  the  chart  gives 
the  value  7*.  ==  0.82.  With  /,  already  computed,  the  values  of  /  and  /  .  ,  the  two 
rocking  nodes  in  the  AZ  plane,  may  be  computed  as  follows: 


^niin  ^min 

_  _ _  0  or, 

—  —  .tj  ^  , 

/  IS.O 


'  min 


12.3  cps 


4riax  ^max 

- = - -  1,5, 

f  .  12.3 

'  min 


f  =  18.4  cps 

‘  max  » 


The  rotational  frequency  with  respect  to  the  Z  axis  is 


Some  of  those  frequencies  are  close  to  the  24  cps  excited  by  ship  hull  vibration.  By- 
moving  the  points  of  attachment  for  the  same  mountings  closer  together,  the  natural  frequen¬ 
cies  of  the  mounted  equipment  may  be  reduced  to  more  satisfactory  values  with  respect  tc  the 
exciting  freejUGneios.  In  the  YZ  plane,  P  ^  0.284  and  if  a  point  on  the  Base  Mounting 
Chart  Py/ry  ~  0.88  be  chosen  for  the  location  of  the  mounting,  then  /  /f  ,  -  1.4  and 

'*rr.in  7r  ""  chart  point,  the  mounting  would  be  a  distance  in  the  }'  direction 

Py  ^  0.8B  -T  18,6  in.  from  the  center  of  gravity.  The  two  rocking  frequencies  are 
/r,\in  “  ^miix  ^  plane  P  y/fy  =  0,4.  Choose  a  point  on  the 

chart  such  that  />^  ^mox  /mm  =  4nin  '/tr  "  point,  the 

mounting  would  be  a  distance  in  the  A  direction,  P  y  --  0.67  r-.  10  in.,  from  the  center  of 

gravity.  The  two  rocking  frequencies  are  9,0  c[is  and  17,1  cps  and  the  rotational  frequency 


76 


with  respoct  to  the  7.  axis  is 


'rot 


6.26 

^7 


D 


.? )  =  ^26 
^  21.9 


+  (13*6)^  ]  =  14,5  cps 


Problem  7  is  written  in  tabular  form,  including  calculations  for  the  two  sets  of  mount¬ 
ing  locations,  in  Appendix  7.  There,  too,  clearances  around  the  equipment  are  calculated. 

A2-8.  PROBLEM  8  •  BOTTOM  MOUNTING  ARRANGEMENT 
TWO  PLANES  OF  VIBRATIONAL  SYMMETRY 
FOUR  COPLANAR  DIFFERENT  MOUNTINGS 

The  unit  is  a  rectangular  nonhomogeneous  body  and  weighs  800  lb;  see  Figure  32.  The 
center  of  gravity  is  7.5  in.  from  the  bottom  of  the  unit,  14  in.  from  one  end,  and  midway  be- 
tw'ccn  the  sides.  The  A',  F,  and  Z  axes  coincide  with  the  principal  axes  of  inertia.  The 
dimensions,  moments  of  inertia,  and  radii  of  gyration  of  the  body  are 


/  =  “>0  in. 
ir  -  20  in. 
A  =  1.^  in. 


/  ^  =  174  lb-in. 

/ y  =  100  lb-in. -sec^ 
I y  -  213  lb-in. -sec^ 


9.17  in. 
Ty  =  7,22  in. 
Ty  -  10,1  in. 


Since  the  mountings  are  not  geometrically  symmetrical  with  respect  to  the  XZ  plane,  an 


equivalent  D  y  is  needed  in  order  to  use  the  Base  Mounting  Chart,  Figure  20.  The  equivalent 


Uy  =  ^'IkY^/^Lk  ^  mountings  is  Dy  =  v(|y,..,tl)  (IVRigntD  - 

\  (jVj  |)  ('i  >2  |) .  Because  of  the  unequal  distances  of  the  mountings  from  the  center  of  gravity 


in  the  >'  direction,  the  two  pairs  of  mountings  must  differ  in  stiffness  such  that  k^/k^ 
i  ^2  ■ '  !  i  ^  translational  mode  parallel  to  the  Z  axis  and  a  rotational  mode  about  the 


Z  axis  exist. 


k 

^k 


\ 

2 


k^  -  3A: 


2 


resulting  in  two  ;i()0-lb  and  two  100-lb  mountings,  with  located  as  shown  in  Figure  34. 

1  he  dynamic  siitfnosses  of  the  mountings  are,  with  natural  frequencies  of  15  cps  for  all 
mountings, 


(2 


9,0 


300(1.-))^ 

9.B 


=  6900  Ib/in. 


1172 

9.C 


100(15)2 

9.0 


=  2300  Ib/in, 
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Z  I 


Figure  32  •  Problem  8  -  Two  Planes  of  Vibrational  Symmetry 


Then  from  Figure  34, 

1>Y  -  v(|>’,l)(|>'2l)  -  \/(U)(3^  =  19.1  in. 


Now  the  natural  frequencies  may  be  calculated.  The  vertical  natural  frequency 
is  dependent  on  the  stiffnesses 

/,  =  3.13\/^I/.-  =  3.13  1/9900  X  2  2300_2<  2  ^  ^5 

r  »  r  800  ' 


The  rocking  frequencies  in  the  YZ  plane  are  then  obtained.  First,  converting  to  nonaimension* 
al  units, 


± 

2  _  22. T) 


2.ir,, 


i^I.I9._L  =  2.on, 

9.17  r;^.  9.17 


0.82 


Draw  the  elovation  in  the  yz  plane  on  ',hr>  Base  Mcinfin*;  Chart,  p'ipure  20,  in  these  nondinien- 
sional  units  and  for  the  mounting  location  road  off  the  frequency  ratios: 
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^ n\in  4tiin  n  t  i  t  o 

/min  =  13-8  CpS 


/ 


tr 


15 


ZinSi  2.48,  /  =  3-1.2  CDS 

/  13.8  '"'®x  ^ 

'min 


Similarly  for  the  \Z  plane 


-^=  -  1.39, 


/; ..  -  0.  ^  r 

=  0.97,  =.  1.04 

Ty  7.22  Ty  7.22 


^  4mi_  ^  0.59,  /.  =  8.9  CDS 

/.  15.0  ‘ 


^  r»;51V  ^ 


n;«x  '  irRV 


/  .  0.9 

'  mm 


=  2.79,  /  =  24.7  ens 

’  'max  * 


The  rotational  frequency  about  the  7.  axis  is  then  obtained 


( 

'  rot,  / 


■4. 1  2 


1  (A-  A  ^  4  k  1  “)  =  l/_L(6900(49-H  121)2-^2300(49+  1009)2]  =  30.2  cps 

'  n  10.1  yooo 


The  natural  frequencies  are: 


Translation,  Z  direction 

u. 

S:  15.0  cps 

Rocking,  in  the  TZ  plane 

4r.in 

=  13.8  cps,  f 

*  ’ 'max 

=  34.2  cps 

Rocking,  in  tho  XZ  plane 

-  8.9  cps,  / 

^  24.7  cps 

Rotation,  about  the  Z  axis 

^rot 

=  30.0  cps. 

A2.9.  PROBLEM  9  -  BOTTOM  MOUNTING  ARRANGEMENT 
TWO  PLANES  OF  VIBRATIONAL  SYMMETRY 
FOUR  NONCOPLANAR  IDENTICAL  MOUNTINGS 

The  unit  is  a  rectangular  body  with  a  stepped  bottom  and  weighs  CCOO  lb;  r-eo  rigure 
33.  The  center  of  gravity  i-s  9  in.  from  the  bottom  of  the  body  and  midway  between  it-s  sides. 
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The  X,  y,  and  Z  axes  coincide  with  the  principal  axes  of  inertia.  The  dimensions,  moments 
of  inertia,  and  radii  of  gyration  are 


Figure  33  •  Problem  9  -  Two  Planes  of  Vibrational  Symmetry 


''inec  the  mountings  are  not  in  the  same  plane,  an  equivalent  P ^  is  noeaeci  to  use  the 
Base  Mounting  Chart,  Figure  20.  The  equivalent  ()  ^  ^^Opper  ^Lower^'^"^  approximately. 
Witli  tlie  use  ol  idenfit  al  mountings  in  the  arrangement,  the  remainder  of  the  solution  is  simi¬ 
lar  to  that  for  previous  problems. 

Tlie  dynamic  stitfnoss  of  each  of  the  four  ROO-lb  mountings  solectcu,  assuming  that 
15  c|)S  is  the  natural  fro(;uency  of  the  n*,ounting  with  a  doau  load  of  750  lb,  is 


k  =  "SO  ^^41^  17,220  Ib/in. 

9.0  9.0 

Now  the  natural  trequcncies  may  be  calculated.  The  vertical  natural  frequency 
Is 

/  =  o.n|/i-  -  3.13  l/jLiili^o  ^  cps 

''  K  0  r  sooo 

The  rocking  frequencies  in  the  Y7.  plane  are  then  obtained.  First,  converting  to  nondimension- 
al  units, 

L  ,  9.0-H3.0 

=  1.60,  .111^  -.50.  =  ? -  -0.41 

14.7  Ty  14.7  14.7 


From  the  Base  Mounting  Chart,  Figure  20, 

Lr^  =  ^2iiD  =  0.92,  f  .  13.0  cps 

1  r  'mm  ‘ 

Mr 

1.-78.  f  -  21.8  cps 

f  .  13.0 

'mm 

Tlie  rocking  frequencies  in  the  XZ  plane  are  obtained  next.  Converting  to  nondimensional 


units, 


—  Dy  Dy 

1.49,  M.  =  1.09,  M.  ^  0.S9 


!\,  1.0.0  """ 


^max  All  ax 


=  1-8.  L..  =  ^1-4  cp.s 

-  *  ^  i.  ax  » 


Finally,  the  rotational  frequency  with  respect  to  the  Z  axis  is  obtained: 

;•  -  Ml  l/i  (i;/t,.,v2  + v  ;.  >  ' I  ^  Ml  l/—l_  [17  220(4 X  121  h-4x400)]  =  21.0  cps 

Y  1'.  ^  '  10.3  ^  3000 


The  natural  frequencies  are: 


Tran.slation,  direction 
Rocking,  in  the  YZ  piano 
Rocking,  in  the  XZ  plane 


/,r  = 

f  13.0  cps,  /  -  21.0  cps 

'nun  '  '  'max  ‘ 

f  .  ^  11.9  /  -  21.  ;  cps 

'  n'.in  'max  ' 


flotation,  about  the  /  axis  /  -  21.0  cps 
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A2J0.  PROBLEM  10  •  BOTTOM  MOUNTING  ARRANGEMENT 
TWO  PLANES  OF  VIBRATIONAL  SYMMETRY 
FOUR  NONCOPLANAR  DIFFERENT  MOUNTINGS 

Tho  unit  is  a  rectangular  body  with  a  stepped  bottom  and  weighs  2500  lb,  see  b  iguro 
center  of  gravity  is  16  in.  from  the  left  end  and  9.2  in.  above  the  bottom  of  the  body. 
The  /V,  y,  and  Z  axes  coincide  with  the  principal  axes  of  inertia.  The  dimensions,  moments 
of  inertia,  and  radii  of  gyration  are 


I  -  4B  in.  I =  B42  lb-in.- sec^ 


=  11. ;  in. 


u  =  12  in.  /y  ^  (^73  ih-in.-sec^  fy  ^  10.4  in. 
h  =  20  in.  =  1100  Ib'in.-SGC^  -  13.0  in. 


This  problem  is  similar  to  Problem  10,  both  have  a  stepped  bottom.  In  Problem  10,  the 
four  identical  mountings  were  located  symmetrically  to  the  I  Z  and  AZ  [)lanes  ana  were  equally 
loaded;  in  this  problem  the  nonidentical  mountings  are  symmetrical  to  the  yZ  plane  but  not  to  the 
AZ  plane.  They  are  arranged  so  that  ^  \y  along  the  )'  axis,  or 


>'1 


using  two  hOO-lb  and  two  400-lb  mountings  with  equal  axial  and  radial  stiffnesses,  Effective 
Uy  and  D  2  can  be  computed,  and  the  rocking  frequencies  can  be  obtained  using  the  Base 
Mounting  Chart,  Figure  20. 

"1  -  Vifu.!,;  iW.i  -  v  "'21  ■  V  “•‘i  -  I'-’-i  i»- 

where  the  800*lb  mountings  are  11.4  in.  and  the  400-lb  mountings  are  22.8  in.  from  the  center 
of  gravity  in  the  Y  direction.  The  individual  mountings  have  a  natural  frequency  of  15  cps 
with  aoad  loads  of  833  and  417  lb  for  the  800-lb  and  400-lb  mountings,  respectively 


k 


800 


—  ^  »33(.15lf  ^  19,125  Ib/in. 
9.8  9.8 


k 


400 


=  9514  Ib/in. 

9.8  9.8 
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Equivalent  Mounting  Locations 


Figure  34  •  Problem  10  •  Two  Planes  of  Vibrational  Symmetry 


p  _  ^  upper  ^  ^Lower  _  9,2  +  S  _  y  i  j 
^  2  2 


iru 


Translational  troquoncy: 


/■  =  =3.13  \/~^  (2x19,12.3  +  2x9574)  =  15.0  cps 

V  1'  ^  r2500  ' 

The  rocking  I'rccucncius  in  the  )'Z  plane,  converting  aimensions  to  nonaimensional  units  by 


_L  =  22.6 
11.1 


are,  frorr.  the  chart. 


D 


1  _  16.1 


1.98,  —2-  =  iikLl  =  i.-ti, 

Ty  11.4 


1) 


r.i 


11.4 


=  0.62 


ZniiL  =  Zmin.  =  0.8.5,  /  .  -  12.5  cps 

,  11"*  ’  '  mm  ^ 

/tf 
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A2n.  PROBLEM  11  •  BRACED  MOUNTING  ARRANGEMENT  -  ONE  PLANE  OF 
VIBRATIONAL  SYMMETRY  -  FOUR  IDENTICAL  BOTTOM  MOUNTINGS 
TWO  IDENTICAL  BACK  MOUNTINGS 

The  unit  is  a  trim  pump  and  motor  with  vertical  in-line  shafts  and  weighs  2035  lb;  see 
Figure  35.  The  center  of  gravity  is  40  in.  above  the  bottom  and  is  on  the  vertical  centerline 
of  the  unit.  The  X,  F,  and  Z  axes  coincide  with  the  principal  axes  of  inertia.  The  dimen¬ 
sions  and  moments  of  inertia  are 

I  =  22  in.  =  2150  lb-in. -sec^ 

w  ~  22  in.  ly  =•  2150  lb-in. -soc^ 

4  -  in.  I ^  -  321  lb-in. -sec^ 
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The  four  550-lb  bottom  rnountingv*^  and  the  two  50-lb  back  mountings  are  initially  lo¬ 
cated  as  shown  in  Figure  35. 


Fitjure  35  -  Problem  11  •  One  Plane  of  Vibrational  Symmetry 


The  dynamic  stiffness  of  one  550-lb  mounting  may  be  determined,  using  an  assumed 
value  of  the  average  rated  frequency  in  radial  and  axial  directions  for  the  load  to  be  supported, 
hv  the  formula 


484  (16.7)2 
9^8 


=  13,860  Ib/in. 


ana  similarly  for  the  50-lb  mountings 

44  (16.0)2 
"  9^0 


1150  Ib/in. 


The  values  of  the  loads  are  found  as  follows: 

Let  t  bo  the  load  on  each  back  mounting  and  G  the  load  on  each  base  mounting.  Then 
XG  ^  2F  =  2035  lb,  but  each  base  mounting  is  rated  at  550  lb  and  each  back  mounting  at  50  lb. 
Therefore 


and 


a 

350 


,  or  6’  =  11  F 
dO 


i\F  +  2F  ^  46  A'  =  2033,  F  =  44  lb,  ana  6'  =  484  lb. 


8.3 


The  problem  may  be  solved  in  two  general  stops;  the  first,  solving  for  a,  6,  and  B  in 
terms  of  the  coefficients  of  the  two  cubic  equations  D  ^  and  and  the  sec¬ 

ond,  taking  off  the  frequencies  from  the  plot  of  the  cubic  equations  in  terms  of  parameters 
^y  ^  B\  Kignre  2:^. 

Solve  for  the  three  natural  frequencies  in  the  YZ  plane  of  vibrational  symmetry  by  de¬ 


termining 


w  hero 


a- — b  =  — I,  B  =  B. 


=^2  Pi  ^  <h 

c .  =  r.3 

A 

^  _  9.78  V  ^  ^  1 3  V  ^  jj  -  » 8  V  ^ 

Pi  - -Ti^  *  P2-17— Pi-^ - 


+  IkyZ^),  q  =  (1/t^  A'2  +  1/CyZ^). 


^  H 


= -2ili  (V A'^  +  y^) 


It  may  be  seen  that  in  these  equations  only  the  constant  h  ,  the  spring  constants 
A'y,  ^2  »  positions  of  the  mountings  are  known.  The  expressions  ,  fy  ,  , 

(iA:,y)^  (S  A  jZ)2,  V/fc^,  Iky,  Ik  jr.  ^k^y^,  IkyZ^,  Iky.X^.  Ikj^Z^  ami  must  be 

evaluated. 

Since  each  mounting  has  equal  stiffness  in  all  directions, 

Iky  =  Iky  ^-Ik  Ik^Y-^lkyY^,  and  'LkyZ^^lkyZ^ 

I'o  determine  ,  fy  ,  and  : 


I  ^  m 


-  iOT.a  :n.^ 

m  S,272 


2  ^_L  ^  Jii5^  ^  407.0  in.^ 


=  =  60.09  in. 2 

'  .'>.272 


and  to  deterndne  the  summations: 


V  b  _  N'  /. 

~  y  ~ 

A-,y, 

-8.160  X  10'' 

« 2^  2  = 

8.160  X  10“ 

^•3  >  3  ^ 

0.160  X  10'' 

a-4  >  4  - 

-8.160  X  10'' 

S  ^  5  = 

0.690  X  lO** 

^'6  >  6  - 

0.690  X  10'’ 

2:  k  >  = 

1.380  X  10'’ 

(1/: 

1.904  X  10® 

K  \Z  ^  = 

-5.440  X  10® 

^2^2  = 

-5.440  X  10® 

^'3  ^3  - 

-5.440  X  10® 

-  5.440  X  10® 

^  ^5  = 

0.196  X  10® 

^-6  ^6  =■■ 

0.196  X  10® 

l.kZ  = 

-  2.137  X  10® 

(l/cZ)^=  4  567  x  10‘2 


X  13,600  +  2  X  1130)  =  3.6T0  x  10“* 

A-j  )  -  4- j  .V  -  0.4896  X  10® 

^2  ^^  2  "  =  0.^4896  X  10® 

^3  >  32  =  .V32  =  0.4896  X  10® 

A3,  >  V  2  =  0.4896  X  10® 

4  4  4  4 

Aj.  }'52  =  4-5  V52  =  0.0414  X  10® 
^6  ^  6  ^  "  0.0414  X  10® 

Ik  y2  =  i;A-.v2  =  2.041  X  10® 


/c,  Z,2  ^  2.176  X  10’ 

=  2.176  X  10^ 

k^  Z^  =  2.176  X  10’ 
7}  =  2.176  X  10^ 
/fcj  =  0.033  X  10^ 
4,  Z  2  =  0.033  X  lO’ 

0  O 

Ik  Z?  =  8.770  X  10’ 


Then 


- 


=  0^70  5;^  X  fi.670  X  10'* 

;v  ^  2035 


0.2722  X  10^ 


and 


9.78 


{'Lk^'t'^  ^'LkyZ‘ 


-  (2.041  X  10®  +  8.770  X  102)  =  1.056  x  10 


2035  X 407.8 


2 


(i t  1  4- )  and  since  k p..\^  =  k  ,  ^k  1  kyZ^  , 


r  2  -  ,  2 

Ty  ~ 


h  =  9i 


^‘3  "  — ; 
u/  ^  2 


(Ik  i  1\- .  )  2  )  ^  - 2iIQ - (2.041  >.  10^  +  2.041  X  10®)  -  0.3219  x  10^ 

‘  '  20,3Sx60.C9 


Tho  coofficionts  D  Cj,  A*  j  nnay  now  be  dotormined. 

«,  =P2  +  P3  +  7i  =  0.2722  X  10^ +0.2722x  10^+ 1.056  xl03=  1.600x10^ 

C'l  ‘P2^3^  P2  ‘?i  ^  +  {l/CyZ)A 

IV2,^2L  -  J 

■-0.2!22y.  10^  (0.2722  y  10^)  -  0.2722  v  10^  (1.056  x  10^)  +  0.2722  x  10^(1.056;'  10^) 

- - -  [1.904  X  10®+ 4.56V  X  10 ‘2I  =  3.904  x  10® 

(2035)2(407.0)  L  J 

-  (0.2722xl0®){0.2722xl0®)(l. 056x10®) - - (0.2722  x  10®)  (1.904  x  10®) 

(2035)®(407.8)  . 

+  (0.2722  y  10®)  (4.567  x  10*^)  -  7.89  x  10® 

Nov/  that  h  J,  Tj,  and  L>  ^  are  known,  the  ratios  a,  ft,  and  B  may  be  calculated,  and  the 
throe  natural  frequencies  for  the  modes  of  vibration  in  tho  YZ  plane  may  be  taken  off  the 
chart,  Ki>»ure 

.£L..M01>il2i_.  0.153 

/.',®  ().600x  10®)2 

b  =  — 7^9  X  10®  ^  0.00193 


«,®  (1.600x  10®)® 


U  -  [1 , 


=  1.600  X  10® 
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From  the  chart,  Figure  23,  the  natural  frequencies  are 


=  36.0  cps,  /j  =  16.r>  cps,  =  4.7  cps. 

To  calculate  the  natural  frequencies  of  the  modes  of  vibration  not  in  the  YZ.  plane  of 
vibrational  symmetry,  a  similar  procedure  is  followed; 


32.64  X  10* 

4,  Zj  = 

-32.64  X  10* 

^•3  >'3  ^3  = 

-32.64  X  10* 

Lni 

II 

32.64  X  10* 

^'5  ^5^5  “ 

1.173  X  10* 

^6  ^6  ^ 

1.173  X  10* 

'LkY  Z  = 

2.346  X  10* 

(XA:  yZ)2  = 

5.504  y  lO^O 

^2  =  P,  +  92  '^3  =  0.2722  X  10^  +  1.056  X  10^ +  0.3219  X  10^  =  1.650  x  10^ 

=  (0.2722X  10^)(1.056x  10^)  -i  (0.2722  x  10  3)  (0.3219  x  10^)  +  (1.056  x  10^)  (0.3219  x  10^) 
95.6 


(20  3  5) 

=  4.561  X  10* 


— (1,904  X  10®)  +  — i-  (4.567  x  lO'^)  + - i - (5.504  x  10  *°) 

60.89  407.8  487.8  xfaO. 89 


^2  "  Pi  ^2  ^3  “ 


95.6 


^  {'LkyYZY 

2  A  ^  A  2  2 


1870 


6  3.  ^2, ^2 


(14  ^.y)(S/C;^.Z)(X/fc;^)  Z) 


(0.2722  X  lo3)  (1.056  X  103)  (0.3219  x  lO*)  - 

(2035)2 


1^56  y  10®  (1.904x  10*) 
60.89 


+  1-3219  y  1Q3  (4.567  x  10^2)  0i.?722 x  1_0_  (r,..c504x  10  *°1 

407.3  60.89  x  407.8 


_ -  (1.300  x  10'')(- 2. 137  X  10®)(2.346x  10*)  =  9.12  x  10® 

.  20  35)3(60. 39)(407. 8) 
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a 


=  £l  _  4.561  xIQS  ,n  lAR 
(1.650x103)2 

6  ,  9.12x10^,0,00203 

(1.650x103)2 

8=82  =  1*65  X  103 

From  the  chart,  Figure  23,  the  natural  frequencies  are 

=  35.9  cps,  /g  =  18.0  cps,  =  4.6  cps. 

Problem  11  is  also  presented  in  tabular  form,  Appendix  7,  where  calculations  of  the 
clearances  needed  around  the  equipment  are  also  made. 
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APPENDIX  3 


EXPERIMENTAL  DETERMINATION  OF  MOMENT  OF  INERTIA 
WITH  A  TRIFILAR  SUSPENSION 


The  most  practical  experimental  arrangement  for  determining  the  moment  of  inertia  is 
the  trifilar  suspension^  ^  where  three  wires  or  three  cables  support  a  table  or  platform  upon 
which  different  units  can  be  placed  in  various  orientations;  see  Figure  36.  In  the  simplest 
case  the  center  of  gravity  of  the  unit  is  placed  over  the  center  of  the  platform  which  is  equi¬ 
distant  from  the  three  supporting  wires.  If  the  platform  suspended  from  the  three  supporting 
wires  is  symmetrical,  its  center  will  also  be  its  center  of  gravity. 


Figure  36  -  Trifilar  Suspension  for  Experimentally  Determining 

Moments  of  Inertia 


The  equation  for  the  moment  of  inertia  about  the  vertical  axis  through  the  center  of 
gravity  of  both  the  unit  and  the  table  is 
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where  W  is  the  weight  of  the  body  plus  the  platform,  pounds, 

T  is  the  period  of  oscillation,  time  in  seconds  from  one  extremity  of  rotation  to  the 
other  and  back  to  the  first,  i.e.,  time  of  one  cycle, 

L  is  the  length  of  supporting  wires,  inches, 

r  is  the  distance  from  center  of  gravity,  i.e.,  center  of  platform,  to  supporting  wires, 
inches,  and 

/  is  the  mass  moment  of  inertia  of  the  unit  plus  platform,  pound-inch  seconds  squared. 

If  the  platform  is  rotated  5  deg  or  less  (L  must  be  at  least  three  times  as  large  as  r) 
and  released,  the  period,  T,  may  be  measured.  The  accuracy  may  be  increased  by  measuring 
the  time  of  several  oscillations  and  dividing  by  the  number  of  cycles.  Once  the  trifilar  sus¬ 
pension  platform  is  built,  L  and  r  are  fixed  and  the  moments  of  inertia,  /,  now  becomes 

/  =  KWT^ 


where 


Tlio  M'loment  of  inertia  of  the  table  alone  may  be  determined  in  a  similar  manner  without 
any  enuipment  installerl  on  it.  This  moment  of  inertia  is  then  subtracted  from  that  for  the 
unit  plus  the  table  to  give  the  moment  of  inertia  of  the  unit  alone.  The  determination  for  the 
table  alone  need  only  be  made  once  since  it  will  remain  constant.  If  blocks  are  needed  to 
support  the  unit  in  an  af)pro[)riate  orientation  to  the  table,  then  the  period,  T,  should  be  deter¬ 
mined  with  the  table  and  blocks  and  this  moment  of  inertia  should  be  subtracted  from  that  of 
the  table,  blocks,  and  unit  together. 

The  principal  inertial  axes  of  the  equipment  may  be  determined  by  repeated  tests  with 
changes  in  the  angular  position  of  the  equipment  without  a  shift  of  the  center  of  gravity.  The 
position  of  the  equipment  resulting  in  the  maximum  period  establishes  the  maximum  principal 
axis.  The  position  with  minimum  period  establishes  the  minimum  principal  axis.  The  third 
axis  is  at  right  angles  to  the  other  two. 

A3.1-  GENERAL  CASE 

In  general  when  the  unit  is  placed  on  the  platform,  vertical  lines  through  the  center 
of  gravity  of  the  equipment  and  through  the  center  of  gravity  of  the  platform  do  not  coincide, 
rhe  tal)le  should  be  so  designed  that  it  is  symmetrical  and  its  center  of  gravity  is  equidistant 
from  the  suspension  wires;  Figure  dT. 

A  hen  the  equipment  is  installed  on  the  platform,  the  combined  center  of  gravity  of  the 
eriuipmont  and  the  platform  is  rJetermined;  Figure  38.  Then  the  distances,  from 

the  combined  center  of  gravity  of  the  equipment  and  the  table  to  each  of  the  suspension  wires 
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JMU. 


*  Axis  through  Center  of 
1  Gravity  of  Platform 


Figure  37  -  Location  of  Center  of 
Gravity  of  Platform 


Figure  38  •  Location  of  Center  of  Gravity 
of  Equipment  Plus  Platfoun 


may  be  determined.  The  equation  for  the  general  case  of  moment  of  inertia  is 


I  =  '•3 


sir  ^  j  +  sin  ^2  +  sin  0^ 

Lfj  ^*3  sin  0  j  +  fj  sin  6^  +  r2  sin  6^j 


v^here 


Iv 

T 

L 

T 

0 

I 


is  who  v^eight  of  the  body  plus  platform,  pounds, 

is  the  period  of  oscillation,  seconds, 

is  the  length  of  the  supporting  wires,  inches, 

is  the  distance  from  the  center  of  gravity  to  the  supporting  wire,  inches, 

is  the  angle  between  radial  lines  from  the  center  of  gravity  to  the  supporting 
wires,  degrees,  and 

is  the  mass  moment  of  inertia  of  the  body  plus  platform, pound-inch-seconds  squared. 


A3.2.  DESIGN  NOTES 

In  the  design  of  the  cable-suspended  platform,  a  number  of  factors  must  be  considered. 
The  dimensions  L  and  r  should  be  such  that  reasonable  differences  in  period  of  oscillation 
can  be  obtained  for  the  apparatus  alone  and  for  the  apparatus  plus  the  equipment  so  that  /  may 
be  determined  with  suitable  accuracy.  The  distance  r  from  the  center  of  the  platform  to  each 
of  the  cables  is  determined  largely  by  the  size  of  the  equipment  being  tested.  This  distance 
should  be  kept  as  small  as  possible,  since  the  I  of  the  platform  alone  increases  as  the  square 
of  r.  This  increase  in  I  can  be  counteracted  by  relatively  larger  increases  in  L,  For  the 
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linear  approximation  of  the  analysis  to  hold  when  the  oscillation  is  started  by  an  angular  dis¬ 
placement  of  5  deg  or  less,  L  must  be  at  least  three  times  as  large  as  f.  The  /  of  the  platform 
for  a  given  r  can  be  minimized  by  fabricating  it  from  light  members,  but  the  size  of  the  plat* 
form  components  is  limited  not  only  by  the  size  of  the  equipment  but  also  by  its  density.  A 
pointer  attached  to  the  platform  is  handy  for  measuring  the  time  of  oscillations.  The  weight 
of  the  platform  should  not  exceed  the  weight  of  the  equipment.  The  trifilar  suspension  should 
be  calibrated  using  objects  whose  moments  of  inertia  are  known  to  determine  accuracy  and 
capacity  of  the  apparatus, 

For  units  of  arproxii.  ely  the  same  size  and  weight,  only  one  trifilar  suspension  is 
required.  If,  however,  the  sizes  and  weights  vary  considerably,  two  suspensions  should  suf* 
fice,  one  for  the  larger  units  and  the  other  for  the  smaller. 
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APPENDIX  4 


REPORT  FORM  FOR  RESILIENT  MOUNTING  CHARACTERISTICS 

This  report  form  indicates  the  type  of  information  available  on  all  types  and  sizes  of 
mountings  as  a  result  of  tests  made  at  a  naval  activity.  The  mountings  must  pass  these  tests 
in  order  to  be  acceptable  for  shipboard  use.  The  reports  may  be  obtained  through  the  Bureau 
of  Ships.  In  reports  published  by  the  L'.S.  Naval  Engineering  Experiment  Station  those  sheets 
are  inserted  in  the  back  and  are  intended  to  be  removed  and  retained  by  design  groups  engaged 
in  the  solution  of  mounting  problems. 

The  K,Y,  and  Z  axes  here  are  local  axes  applicable  to  individual  mounts,  and  the  use 
of  capital  letters  does  not  imply  the  significance  attached  to  the  notation  that  is  used  for 
mounted  assemblies  in  other  sections  of  this  manual. 
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SUMMARY  OF  PERFORMANCE  DATA  ON  TESTS  OF 
RESILIENT  MOUNTINGS 

(Ready  Reference  Sheets  >  Abstract  from  EES  Report  950095E) 

MO  li  N  T 1 N  "IP  h:  n  r  if  ica  T  1 0  s 

1.  Type  of  Mounting;  Portsmouth  BST  No.  1000,  Design  A 

2.  Mounting  Mf-:  Hood  Rubber  Company,  Watertown,  Mass. 

3.  Mounting  Dwg  No.;  (BUSHlPs)  5000*S1112"F *1385777*0 

4.  Applicable  Specification;  (Procurement)  MIL*M*17191A 

5.  Standard  Navy  Stock  No.;  P17*M-75887*2126 

6.  Rated  Load:  1000  lb 

7.  Natural  Frequency:  Z  Direction  =  13.6  cps 

X  and  Y  Directions  =  16.0  cps 

MOUNTIN’"  nor  AILS  ,,,.^0.0,0 _ ; 


-3.687  - — •tx-Aiu 


06 


1.750 


SUMMARY  OF  TEST  DATA 

(Keftdy  Reference  Sheets  —  Abstract  from  EES  Report  050095E) 


1.  V'lbration: 


Characlcfistics 

Load  on  Mountings 
1,000  lb 

Load  on  Mountings 
900  lb 

Load  on  Mountings 
800  lb 

Load  on  Mountings 
700  lb 

r 

X  and  Y 

Z 

X  and  Y 

Z 

X  and  Y 

Nalurel 
Frequency 
/n  (cp») 

13.6 

16.0 

14.4 

16.8 

15,3 

17.8 

15.1 

19.0 

Cntrcal  Oanp- 
mg. percent  , 

5.2 

4.7 

- j 

4.6 

MaxinufTi  1 

Transnissi* 
i  biiily  j 

_ 9^ 

9.5 

.. 

10.7 

10.9 

1  Spring  Con- 
;  stanl 
j  K,.(lb/fn.) 

!  18,900 

! 

26,200 

|l9,100 

j 

i  26,000 

L* _ 

19,200 

25.900 

! 

1 

1  18,500 

25,800  ; 

•J.  Drift: 


^  1  ! - ^ - 1 

1  j  j  j  Deflection 

j  Direction  j  Load  ;  Tenperaturej  After  1  Hour 

!  :  I  ^ 

— 

Drift  1  Hour 
to  200  Hours 

in. 

Natural  Frequency  -  CPS 

Room  Temperature 
Before  Test 

3  Mir^utes 
After  Test 

Room  Temperature 
Alter  T esi 

^  ■  1  1 
i  ,,  !  1,000  1  160  i  0.079 

14.7 

14.2 

i  ^  1  1  ? 

!  1  1  ‘  n  oirt 

1  a  1  wv  1  ^  u  V  •  ^  r  N/  | 

0.014 

t  #  O 

*-.4.  1 

14.1. 

nMHBHBHHKHI 

0.029 

1 

- 

17.7 

1  "  '  ;  1.000  1  30  1  0.050 

17.7  i 

-  1 

-  ! 

17.3 

1 

3.  Static  Load  Deflection; 


Load  : 


1  ; 

;  ID  : 

Tl 

X  and  Y  1 
^  j 

1 

!  7CC  ! 

o.ns 

C.04  , 

j  1.000 ; 

0.03 

0.06  i 

j  5,000  ' 

c.4i 

0.31  , 

j  10,000  1 

0.52  1 

1  0.54 

!  15,0001 

0.57  1 

0,61  ; 

;  20, 000 1 

0.7C  1 

0.65  j 

4.  Shock  Deflection: 


Direction 

Load  on 

4  Mountings 

Deflection  -  inch 

lb 

UP 

Down 

7 

4,000 

1.00 

0.80 

c 

2,800 

- 

X  and  Y 

4,000 

1.00 

0.80 

2,800 

- 

- 

5.  Brief  Remarks: 

(a)  Inspection:  Mountings  conformed  to  drawing;  details.  Neoprene  rubber  stock  Type  C 
used.  VJountings  manufactured  in  June  IM.SO  and  June  Pests  rompleted 

May  1953. 

fb)  Test  Specification:  MIL-M-1 71  85  (SHIPS). 

(c)  Transmissibility;  No  remarks. 

(d)  l.-ni forrnity:  fn  varied  less  than  0.5  cps  from  averai^e  of  4  mountin^rs  fosted. 

(o)  Static  Load  Deflection:  No  renr.arkn. 

(f)  Nniso  Isolation:  Satisfactory.  See  EES  Report  050095F. 

(e)  Shock  Darr.at'e:  There  was  no  damage  observed  to  the  rubbe**  or  metal  parts  or  fo  the 
load  bolts  (1-1/4  in.  12NK-3  of  Alloy  .So.  2)  or  foundation  bolts  (7 '8  in.  9NC-2  of 
mild  steel). 

(h)  Salt  Sprny;  So  damage  or  significant  change. 

(1)  Oil  Immersion:  No  damaze  or  significant  change. 

(j)  Drift:  No  significant  change  in  ^  as  a  result  of  those  tests. 

(k)  Cold  Storage:  No  damage  or  significant  change. 


APPENDIX  5 


DERIVATION  OF  EQUATIONS  OF  MOTION  AND  FREQUENCY  FORMULAS 
FOR  A  RESILIENTLY  MOUNTED  RIGID  ASSEMBLY 

A5,l.  BASIC  THEORY 

For  generality  there  is  given  here  the  analysis  with  respect  to  an  arbitrarily  oriented 
set  of  axes,  which  presumably  would  be  chosen  with  reference  to  some  compartment  on  the 
ship  but  which  need  not  line  up  either  with  the  axes  of  the  mountings  or  with  the  principal 
axes  of  inertia  of  the  mounted  assembly.  This  procedure  ma^  require  the  evaluation  of  both 
moments  and  products  of  inertia.  It  will  be  assumed  that  all  mountings  have  at  least  one  axis 
of  elastic  symmetry,  by  which  is  meant  that  the  spring  constant  of  the  mount  is  the  same  in 
any  direction  normal  to  this  axis. 

The  analysis  is  based  on  linear  theory  and  hence  can  be  considered  valid  only  for 
small  motions.  Under  large  shock  motions  the  mountings  may  be  displaced  into  their  nonlinear 
ranges.  Since  one  of  the  main  objects  in  design  is  to  avoid  steady-state  resonance  under  exci¬ 
tations  of  known  frequency,  the  linear  theory  is  useful  in  predicting  whether  large  vibrations 
are  likely  to  build  up. 

A5.1.1.  THE  EQUATIONS  OF  MOTION 

Let  a  right-hand  system  of  fixed  axes  be  taken  with  the  origin  at  the  center  of  mass  of 
the  mounted  assembly  when  the  system  is  in  its  rest  position.  Let  u,  v,  and  to  be  displace¬ 
ments  in  the  x,  y,  and  2  directions,  respectively,  of  the  center  of  mass,  and  a,  /3,  and  y  the 
components  of  angular  displacement  about  the  x,  y,  and  z  axes,  respectively;  see  Figure  39. 


Figure  39  -  Right-Hand  Coordinate  System  Used  in  the  Analysis 
with  Arbitrarily  Oriented  Axes 


With  the  restriction  that  the  motions  remain  small,  the  dynamical  equations  are 

i  r  =  mii 

X 

1  Fy  -  mv 

s  V. .  />  -  -  l„y 

S  «,  -  ij  -  l„y  -  I.,. 

V  «,  ./,V 

where  1,1,  and  !  are  moments  of  inertia  and  /  ,  /  and  /  are  products  of  inertia  with 

respect  to  the  fixed  axes  when  the  body  is  in  the  rest  position.  The  restriction  to  small 
motions  permits  treating  the  /*s  as  convStants.  The  and  I/’s  are  sums  of  the  forces  and 
moments  acting  on  the  body  due  to  the  elastic  distortions  within  the  individual  mountings  and 
can  be  expressed  by  equations  of  the  type  F  =  -Ku  where  K  is  an  elastic  constant  of  the  em 
tire  set  of  mounts. 

A5.1.2.  CALCULATION  OF  THE  ELASTIC  CONSTANTS 

The  elastic  constants  of  the  individual  mountings  must  first  be  determined.  The 
“effective  point  of  attachment”  of  the  body  to  any  mount  will  be  assumed  to  be  a  point  about 
which  a  rotation  of  the  axis  of  the  movable  element  of  the  mounting  evokes  only  a  torque,  and 
this  torque  will  be  assumed  to  be  negligible  in  comparison  with  the  moments  on  the  mounted 
assembly  resulting  from  the  rectilinear  displacement  of  the  effective  points  of  attachment. 
Thus  only  the  axial  and  radial  stiffnesses  of  the  individual  mountings  have  tn  be  taken  into 
account  in  the  analysis.  It  is  to  be  noted  that  a  mounting  can  have  radial  elastic  symmetry 
with  respect  to  a  certain  axis  without  necessarily  having  polar  symmetry  in  its  geometrical 
construction. 

The  elastic  constants  that  must  be  calculated  for  the  entire  set  of  mountings  are  desig¬ 
nated  here  by  a  A'  labeled  with  two  subscripts,  e.g.,  K and  each  constant  represents  a  re¬ 
storing  action  in  the  direction  of  or  about  one  coordinate  axis  due  to  a  displacement  in  the 
direction  of  or  about  the  same  or  another  axis.  The  sign  convention  used  conforms  with  the 
usual  convention  applied  to  the  simple  system  of  one  degree  of  freedom,  according  to  which, 
if  a  displacement  in  the  positive  direction  results  in  a  force  in  the  negative  direction,  the 
spring  constant  is  taken  as  positive.  Exact  definitions  are  given  in  the  Notation. 

It  can  be  shown  that  in  such  an  elastic  system  conservation  of  energy  requires  that 
K ^  K so  that  the  total  number  of  K'h  required  is  only  the  number  of  possible  combinations 
of  the  six  coordinates  defining  the  displacement  of  the  mounted  body  taken  two  at  a  time, 
plus  the  six  of  the  form  K This  gives  15  +  6  or  21  K's  to  be  evaluated. 
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Let  j*,  and  z  be  the  coordinates  of  the  effective  point  of  attachment  of  an  individual 
mounting,  k  and  its  axial  and  radial  spring  constants,  respectively,  and  0,,  0^,  and  0, 
the  direction  angles  which  its  axis  makes  with  the  x,  y,  and  z  axes,  respectively.  For  the  in* 
dividual  mountings  there  are  only  six  elastic  constants  to  be  evaluated  since  local  torques 
generated  by  the  displacement  of  a  mounting  and  forces  due  to  its  rotation  are  considered 
negligible,  These  constants  are  denoted  by  k^^,  k  y  k  k  y  k  ,  and  k  .  Exact  defini* 
tions  are  given  in  the  Notation. 

In  Figure  40  the  axis  of  the  movable  element  of  an  inclined  mounting  is  shown  by  the 
line  O^P  making  diroction  angles  0^,  0^.,  and  0^  with  axes  x^y  and  parallel  to  the  Xy 
y,  and  ^  axes,  respectively.  The  effective  point  of  attachment  is  assumed  to  be  P  and  through 
this  point  is  f)o.ssed  a  plane  norm.al  toD^P  intersecting  the  x^  axis  at  Q  and  the  axis 
at  K. 

If  ^  is  displaced  a  small  distance  in  the  positive  direction,  there  will  be  develop¬ 
ed  a  restoring  force  whose  axial  and  radial  components  are  indicated  by  and  F  in  Figure  40, 
In  this  case  is  (algebraically)  equal  to  WjAr^cos0^  and  F^  to  UjA:^sin0^.  The  sum  of  the 
X  components  of  the  restorinc  force  is  thus 


-u,  A*  cos  0  -u.k  sin'^  o 

In  ^  T  \  r  ^  I 


Bv  the  definition  of  k  this  sum  equals  -u.  A- 

'  XX  ^  1  XX 

Hence 


Similarly 


k  ^  k  cos"^  0  ^  A‘  sin^  0 

XX  a  r  ■  X 

k  -  k  cos^  0  +  A*  sin^  6 

y  y  Q  ~  y  t  •  y 

k  =  A:  cos^  0  T  k  sin^  0 

r  z  a  ■  z  r  ^  z 


To  obtain  the  constant  k^^  the  components  of  F^  and  F^  in  the  y  direction  must  be 
found.  The  former  is  F^  cos  o^.  =  u  ^  k^  cos  0^  cos  0^.  To  obtain  the  y  component  of  F  ,  account 
must  be  taken  of  the  fact  that  F^  lies  in  the  plane  determined  by  OjP  and  0^  so  that  its  line 
of  action  coincides  with  QP.  F^  may  then  be  considered  as  the  resultant  of  two  vectors  F^^ 
and  Fp  p  (=?hown  dotted  in  Figure  40)  in  the  PH^Q  plane,  one  parallel  to  ^^^x^  and  the  other 
parallel  to  O^P;  the  angle  between  these  two  vectors  is  0^.  Of  these  two  vectors  only  F^p 
has  a  component  in  the  y^  direction.  Since  the  force  triangle  is  similar  to  the  triangle  PO.Q, 
numericalU 


F. 


OP 


F 

_ 7_ 

tan 


cos  0 

u ,  A'  s i n  0  X  - —  r:  Uy  k  CO s  0 

*  ^  *  sin  6^  ‘  ^ 
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Since  the  coordinates  of  the  point  of  attachment  are  not  involved,  any  point  on  the  axis  of  a  mountinK  may  be  chosen  as  the  origin  of  local  coordinates 
jy  1  *1  to  xyz.  OjP  represents  the  axis  of  a  mounting  which  is  the  mifror  image  of  O-P  in  the  X|  ^  I  plane. 


'ind  the  component  in  the  direction,  which  is  also  the  component  of  in  this  direction,  is 
!ij  If  account  is  taken  of  the  directions  of  the  force  component?  and  the  con¬ 

vention  for  the  A*s,  it  follows  that 


similarly 

and 


k  “(/■-/:)  cosd>  cos  6 

xy  a  r  x 

-  k)  COHtf}^  COH<^, 

^xi  ~  V  COS  <16, 


It  may  be  noiod  that  the  same  values  of  the  <:’s  are  obtained  if  the  line  O^P  is  drawn 
in  the  opposite  direction  along  the  axis  of  the  mounting.  Furthermore,  they  depend  only  on 
the  dire(  on  of  the  axis  and  are  not  changed  if  the  mounting  is  rov^:rsed  end  for  end,  or  if  the 
attachments  to  the  assembi>  and  to  the  foundation  are  interchanged.  In  Figure  40,  repre¬ 
sents  the  axis  of  a  mounting  which  is  the  mirror  image  of  O^P  in  the  plane.  The  same 

formulas  are  obtained  with  0  replaced  by  0'.  The  mirror  mounting  has  the  same  value  of 
k^^  as  the  original  mounting  but  equal  and  opposite  values  of  k^^  and 

For  the  entire  assembly,  then,  K ~  summed  for  all  the  mountings,  and  similarly 

for  five  other 

For  A  ’s  involving  rotation,  however,  the  effects  of  small  rotations  of  the  mounted  assem¬ 
bly  must  also  bo  taken  into  account;  this  involves  the  position  coordinates  of  the  effective 
points  of  aitachmont.  For  example,  consider  the  evaluation  of  A  This  requires  the  deter¬ 
mination  of  tlio  force  in  the  x  direction  due  to  a  unit  positive  rotation  of  the  mounted  assembly 
about  O.T.  A  small  rotation  r/0  about  Oar  causes  a  displacement  of  the  effective  point  of  attach¬ 
ment  of  each  mounting  in  a  piano  through  this  point  drawn  parallel  to  the  yz  plane;  the  z  com¬ 
ponent  of  this  displacement  is  ydO  and  its  y  component  is  -zdO,  These  displacements  evoke 
forces  in  the  x  direction  of  magnitude  ydO  and  2r/0.  The  total  force  in  the  x  direc¬ 
tion  is  the  sum  of  those  forces  or  -k^^  ydO  +  k^^zdO,  The  resulting  force  due  to  the  entire 
system  of  mountings  is  denoted  by  Hence,  for  the  summation  of  all  mounts 


Again,  consider  tlie  evaluation  of  A'^^*  This  requires  the  determination  of  the  moment 
aix^ut  Oy  duo  to  ft  unit  positive  rotation  of  the  assembly  about  Oy.  A  small  rotation  dO  about 
Oy  causes  displacements  of  the  effective  point  of  attachment  (ar,  y,  z)  of  any  mount  in  a  plane 
pHra’loi  to  »ho  xz  piano  of  magnitude  zdO  in  the  x  direction  and  -xdO  in  the  z  direction.  Each 
of  those  displacements,  in  turn,  may  evoke  forces  in  both  the  y  and  z  directions.  Thus  the 
displacement  in  tlin  x  dirtretion  gives  forces  in  the  z  irection  and  -k^^zdO  in  the 

y  direction,  whereas  the  displacement  in  the  z  direction  gives  orces  -^k^^xdO  in  the  z  direc¬ 
tion  and  ^k^^xdO  in  the  y  direction.  Those  four  forces  yield  the  following  moments  about 
Ox  per  unit  angular  displacement; 


*k^^xy\  and  -k^^xz 

The  resultant  moment  eouals  Hence  for  the  entire  set  of  mountings 


=  X(-^  -  k  2^  +  k  yz  -i-  k  xz) 

ap  z  z  ^  xy  XZ  ’^  y  z 


It  turns  out  that,  as  is  required  by  the  conservation  of  energy,  the  order  of  the  sub¬ 
scripts  on  the  A''’s  is  immaterial;  thus 

By  such  processes  the  following  set  of  A^’s  was  derived: 


lik^y.k^^z^-2k^^yz) 


1  (A*  2^  +  k  ^  2k  xz) 

XX  z  z  xz 


=  1  (A:  x^  +  k  -  2  ^  xy) 
yy  xx^  xy^ 

=  i.  {-k  xy  k  z'^  k  yz  \  k  xz) 

zz  ^  xy  xz'^  y z 

-  xz  ^  k  y'^  k  xy  ^  k  yz) 

yy  xz^ 

=  1  (-  Ar  yz  k  x^  ^  k  xz  -v  k  xy) 

xx^  yz  xy  xr’ 

=  y  (A  y  -  k  z) 

xz‘^  xy 


Kk^^z-k^^.) 


=  y  (/*  X  -  k  y) 

xy  xx^ 


^  Kk  y  -  k  z) 

yy 


y  (/c  z  -  k  x) 

xy  y  z 


“=  y  (A-  X  -  k  y) 

>  V  V 


i  {k  y  -  k  y.) 

z  Z'^  y  z 


Kk  ~  k  ?) 

1  J  I  z 


-  k^^y) 
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A5.1.3.  THE  FREQUENCY  EQUATIONS 

On  substituting  terms  of  the  type  -uco^  for  u  in  the  equations  of  motion,  since  the  mo¬ 
tions  in  question  are  sim.nle  harmonic,  the  equations  of  motion  become  in  algebraic  form; 

-  +  K  u  +  K  V  +  K  w  +  K  +Kofi  +  K,^Y-0 

UU  UV  UW  UOi  up'  uy ' 

-mvco^  *  ^ vyy  =  ® 

4  +  K^^xc  +  =  0 

-/^aoj2  ^  ^ wa^'  +  ^a/3^  +  ^av’'  °  ® 

-l^yoj'^  4-  ■*■  ^uy“  ^vy^  ^u/y^’  ^/3y^  ^yy^  ~ 


The  following  determinant  of  the  coefficients  of  the  displacement  coordinates,  when 
set  equal  to  zero,  gives  the  frequency  equation. 


K  -  mcj^ 

>  u  u 

Xuw 

X.a 

K  q 
up 

'^uy 

^'uv 

K  - 

vv 

X,. 

x.^ 

f<  R 

up 

Xuu, 

K 

vw 

Xu>w  - 

Xu,a 

x.p 

Xu.y 

X.a 

K  « 

va 

K,  « 

w<% 

K  -  / 

aa  ^ 

^a/3  'xy^^ 

Xuft 

K  a 

vp 

f<  R 

w  p 

X^Y  ^’yz^^ 

^  u  y 

Xvy 

X'u^y 

X^y^^r^ 

Kyy  -ly 

One  method  of  solving  the  problem  is  to  find  by  trial  the  values  of  cj  (the  circular  fre^ 
quency)  for  which  the  determinant  of  the  coefficients  of  the  displacement  coordinates  vanishes. 
If  the  values  of  the  determinant  calculated  for  various  values  of  co  are  plotted  against  a>,  a 
curve  is  obtained  which  crosses  the  axis  at  each  of  the  natural  circular  frequencies,  provided 
the  six  frequencies  are  distinct.  When,  however,  certain  frequenci^'s  coincide,  the  plotted 
curve  mas  only  touch  the  axis  at  the  corresponding  points  without  crossing.  If,  when  the  six 
frequencies  are  distinct,  the  set  of  simultaneous  equations  in  u,  and  y  above 

is  solved,  in  each  case  with  the  appropriate  value  of  6j,  the  values  of  the  ratios  of  the  coor¬ 
dinates  found  will  represent  the  normal  mode  pattern  corresponding  to  that  particular  circular 
frequency.  If  two  or  more  freauoncies  coincide,  the  mode  pattern  for  that  frequency  is  not 
unique.  If  a  number  n  of  frequencies  are  equal,  n  different  basic  mode  patterns  can  be  found, 


and  any  other  mode  pattern  that  is  possible  at  that  frequency  can  be  regarded  as  a  linear  com* 
bination  of  the  n  basic  modes. 

Under  special  conditions  it  may  be  found  that  various  A’’s  in  the  frequency  determinant 
vanish.  If  all  the  A'’s  of  the  type  K (where  i  ^  j)  vanish  and  the  axes  are  princip**!  axes  of 
inertia,  there  will  remain  only  terms  falling  on  the  main  diagonal.  In  this  case  the  three  mo¬ 
tions  of  translation  in  the  ar,  y,  and  ^  directions  and  the  throe  motions  of  rotation  about  the 
ar,  y,  and  2  axes  are  all  independent,  and  each  frequency  may  be  found  from  an  equation  of  the 
type  K =  0.  Although  the  motions  are  independent  because  of  the  symmetry  of  the 
mountings,  the  frequencies  of  different  modes  may  be  the  same. 

Where  on^y  certain  terms  not  on  the  main  diagonal  are  zero,  it  may  be  found  that  the 
set  of  six  simultaneous  equations  in  the  six  unknowns  breaks  down  into  smaller  sets  in  fewer 
variables  which  are  independent  of  each  other.  These  sets  may  then  be  treated  separately, 
and  in  such  cases  it  may  also  be  found  that  the  frequencies  of  different  modes  coincide. 

The  evaluation  of  the  elastic  parameters  requires  the  tnbuiation  for  each  mounting  of 
the  following  (juantitios: 

/r  ,  k  .  Xy  y  2y  ih  y  6  ,  and  o 

Those  are,  respectively,  the  axial  stiffness,  the  radial  stiffness,  the  throe  position 
coordinates  of  the  cfrective  point  of  attachment,  and  the  three  direction  angles  which  the  axis 
of  the  mount  luake^  with  the  x,  y,  and  z  axes.  It  is  obvious  that,  regardless  of  the  physical 
shape  of  the  mounting,  if  any  two  of  its  principal  stiffnesses  are  equal,  the  analysis  given 
here  is  applicable  by  taking  the  mounting  axis  as  normal  to  the  directions  of  equal  stiifnoss. 

A5.1.4.  VIBRATIONAL  SYMMETRY 

The  solution  of  the  general  frequency  equation  is  so  laborious  that  it  is  seldom  under¬ 
taken  without  the  use  of  a  high-speed  computer.  Usually,  hov/over,  the  mountings  thomsolvos 
are  so  arranged  that  one  or  more  pianos  of  vibrational  symmotry  exist,  and  then  the  sixth-order 
dotcrrr.inant  can  be  broken  down  into  independent  determinants  of  lower  order.  Such  cases  will 
bo  treated  in  the  following  sections." 

Vibrational  symmetry  exists  with  respect  to  a  given  plane  passing  through  the  center 
of  gravity  of  the  mounted  assembly  when  motion  parallel  to  that  plane  has  no  tendency  to 
excite  motion  porfioiidictiUr  to  the  plane;  then,  also,  translation  in  a  perpendicular  direction 
or  rotation  about  an  axis  lying  in  the  plane  does  not  excite  motion  parallel  to  the  plane.  Such 
symmetry  usually  requires  that  two  of  the  principal  axes  of  inertia  of  the  mounted  body  lie  in 
the  plane  of  symmetry  and  also  that  there  be  elastic  symmetry  with  respect  to  this  piano.  It 
is  convenient  in  such  cases  to  take  the  axes  of  coordinates  along  the  principal  axes  of  inertia. 
Coordinates  so  defined  will  be  denoted  by  .Y,  Y,  Z  to  distinguish  them  from  the  more  general 
coordinates  y,  z.  The  subscripts  on  the  Ar’s  and  /*s  will  therefore  bo  capital  letters. 

For  computational  purposes  in  these  simpler  cases,  it  is  more  convenient  to  write 
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exfilicit  symbols  in  place  of  K etc.,  and  for  simplicity  ky,  and  will  be  written  for 
the  individual  mountings  in  place  of  k^j^  (or  k^^),  etc.  The  appropriate  sums  are  easily  read 
off  from  the  definitions  of  the  K'a,  for  example 

f<^a-^<^kyY^^kyZ^-2kyyYZ) 

Summation  over  all  mountings  is  understood  in  each  case. 

F^xplicit  frequency  formulas  will  now  bo  given  for  the  principal  cases  that  may  arise 
in  practice,  Xy  y,  Z  axes  being  assumed  in  all  cases. 

A5.2.  ONE  PLANE  OF  VIBRATIONAL  SYMMETRY  (YZ) 

A5.2.1.  SIMPLY  ORIENTED  MOUNTINGS 

Let  every  mounting  have  either  or  its  axis  parallel  to  Xy  Y,  or  Z.  Lot  the 

plane  of  symmetry  be  the  YZ  plane.  Then  the  conditions  for  elastic  symmetry  are 

=  IkyXZ^O, 

When  these  four  conditions  are  satisfied,  it  is  apparent  that,  of  the  six  equations  of  motion  in 
Section  A5.1,  J.,  the  second,  third,  and  fourth  contain  only  the  variables  Vy  Wy  and  a  ,  so  that 
these  equations  can  be  solved  independently  of  the  other  three.  Similarly,  the  first  one  and 
the  last  two  contain  only  u,  /3,  and  y. 

Equate  the  determinant  of  each  set  of  three  equations  to  zero. 


Iky-mt,)'^  0  ~Y.kyZ 

lk^-m<J  Ikj^Z 

0  Hky-tnc?  Ik^Y 

=  0;“ 

Ik^Z  -\k^Z 

-'i.kyZ  'LkyY  IkyY^^lkyZ^-ixiO^ 

-'Ik^Y  -'Ik^YZ 

Expansion  of  the  first  determinant  gives  the  equation 

(2  Ay  —  /7l6J^)(2^  cj^)  k  2  y^  k  Y  2^  —  / 

-(-XAyZ)  (Xk2-m<,i^)k~'lkyZ)-('i.ky-muh{Xk2Y)'^  -  0 


After  expanding  further,  the  equation  has  the  form  of  a  cubic  in  cu^. 
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Introduce  the  notation 


p,  =  ^  P2  =  — ^  SAy,  P3  = — —^lA^ 

‘\rr*m  ^n*m  \v  m 

7,= - 1 - (SA^y^^SAvZ^),  7, - ^ - (SA^jV^  +  SAyZ*), 

An^m  fy 

73  - - -  {IkyX^^Xkx)'^) 

Xn^m  T 2 


in  which  fy,  and  are  the  radii  of  gyration  of  the  body  about  the  K,  and  Z  axes,  re¬ 
spectively,  so  that  =  mr^  ,  etc.  Then  the  cubic  equation  can  be  written,  after  dividing 
through  by  -  64  rr  Y  and  replacing  <0  by  2»/, 


where 

fi, "  P2  +  P3  •" 

■'^2^3  ^2'^!  "*■  ^3'?! - T^""; — T  [(SA^y)^  +  (SAyZ)*] 

{Irrrm^r^^ 

^1  ”  ^2^3'?! - 7^^^^ — Vz^'^kyZ)'^] 

(2  ff)^ 

The  roote  of  this  cubic  equation,  which  are  necessarily  real  and  positive,  give  three  of 
the  natural  frequencies  of  the  body  on  its  mountings.  In  each  of  these  three  modes  of  vibra* 
tion  only  v,  w,  and  a  differ  from  zero. 

If  the  roots  of  the  cubic  equatiot*  are  f^,  f^,  then  ->  ^  q^. 

Further  facts  can  be  inferred  from  the  following:  Write  .7y  »  (SA^y)^,  =  CS.kyZ)^.  Then, 

if  ffy  ~  roots  for  are  pj,  Pj,  and  q^.  If  F (f^)  represents  the  function  of 

including  that  appears  on  the  left  in  this  cubic  equation,  then,  when  is  held  constant. 


dF 

dgy 


1 

16 


(P2-/'). 


BF 

Bg^ 


1 

16  n^rn^T'^ 


Now,  when  maximum  root  is  the  greatest  of  the  three  quantities  py  and 

Then,  as  gy  and  increase  from  zero,  at  the  maximum  root  >  P2  and  dF/dgy  <  0, 
and  similarly  dFldg^  <  0;  thus  the  curve  for  F  (f^)  sinks,  or  does  not  move  if  “  P3  and 
<  P2*  folio  since  the  slope  of  the  curve  is  positive  at  the  maximum  root,  see  Figure 
41,  that  the  mr  .imurn  root  increases  progressively  or,  perhaps,  does  not  change.  Similarly, 
the  minimum  root  decreases  or  does  not  change.  One  root  or  the  other,  however,  must  change, 
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unless  pj  ®  P3  *  which  case  all  three  roots 
for  are  equal  to  pj*  Therefore,  unless  P2®P3"?i» 
the  effect  of  gy  and  is  to  increase  the  difference 
between  the  maximum  and  minimum  frequencies. 

At  the  middle  root,  on  the  other  hand,  the 
slope  of  the  curve  for  F{f^)  is  negative;  therefore, 
increasing  gy  moves  the  middle  root  toward  p^, 
while  increasing  nioves  it  toward  py 

Finally,  the  three  roots  can  be  equal  only  if 
Pj  =  P3  =  and  also  ffy  -  9z  ~  For,  from  the 
general  relation  between  the  roots  of  a  cubic  and 
its  coefficients, 

*  f2  f 3  -  ^  I  -  P2  ^3  P2  ^ \  ~  ^ 

where  W  stands  for  the  last  term  in  the  expression  for  .  If  the  first  equation  is  squared  and 
multiplied  by  2,  and  if  6  times  the  second  equation  is  then  subtracted  from  it,  the  result  can  be 
written 

=  (P2“P3^^  + 

Here  If  ^  0.  Therefore,  *■  only  if  pj  =  pj  -  gj  and  If  =  0. 

The  cubic  equation  can  be  solved  by  standard  methods  or  with  the  help  of  a  chart.*  In 
special  cases  the  standard  methods  are  easier.  If  p2  =  P3  or  if  'S.kyZ  -  0,  one  root  for  is 
P2;  if  =  0,  one  root  is  p^.  In  either  case,  a  quadratic  equation  for  the  other  two  roots 

can  be  formed  from  the  cubic  equations  by  dropping  and  all  terms  that  contain  as  a  factor 
the  root  already  found,  p2  or  p^,  and  dividing  through  by  . 

Similar  treatment  of  the  second  determinant  gives  _ _ 

where 


^2  =  Pi  ^  ^2  ^  <73 

^2  =  Pi  ^2  Pi  ^3  ^  ^2  ^3 - - - ;  F-i-  (lA:^  >)2 

(2rr)< 

^  ^ - i—  (X  YZ)A 

#2  -  2  „  2  I 


•Flgur.  23. 
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£»2  =Pi  ?2  H - 7 


(2rr)^f7i^ 

f  2,  2 


^  aAvy)2  {Xk^z)"^ 


\Ji 


Xk^YZV^ 


J  (2rr)^m^  fy^ 


(2A:;^,y)(I/fc;^Z)(S*;^yZ) 


where  p^,  ^2^  ^3  quantities  previously  defined.  The  roots  of  this  equation  give  the 

frequencies  of  the  three  modes  in  which  only  the  quantities  u,  j9,  and  y  occur. 

When  all  terms,  except  the  first,  are  zero  in  both  and  Oj?  roots  for  are 
and  q^.  In  any  case,  the  sum  of  the  roots  is  '  Pj  +  ^2  ^3’  ^^'^*^her  reason¬ 

ing  is  complicated  by  the  presence  of  the  last  terr  in  D The  other  terms  in  Cj  and  con¬ 
taining  £,  as  can  be  seen  by  reasoning  as  before,  raise  the  upper  root  and  reduce  the  lower 
root,  except  that  in  special  cases  one  root  may  not  be  affected.  This  effect  becomes  greater 
as  those  terms  are  increased.  The  last  term  in  if  the  product  (S  Aj^y)  (£A^Z)  (Ik^YZ) 
is  positive,  lowers  the  curve  for  F  (f^)  and  thereby  increases  both  the  upper  and  lower  roots, 
with  the  opposite  effect  if  the  product  is  negative.  Therefore,  if  this  product  does  not  vanish, 
increasing  the  numerical  value  of  or  or  'Lk^YZ  will  lower  the  lowest  root  if  the 

product  is  negative,  or  will  raise  the  upper  root  if  the  product  is  positive.  The  general  effect 
of  these  sums  is  to  spread  the  roots  farther  apart. 

The  same  general  methods  for  solving  this  cubic  equation  apply  as  for  the  previous 
one.  As  special  cases:  if  all  three  of  the  sums  occurring  in  C 2  &nd  vanish,  then  the  roots 
of  the  equation  regarded  as  a  cubic  in  are  if  sums  vanish,  whichever  of  the 

quantities  729  ?3  niultiplies  the  third  sum  in  D2  is  a  root;  if  only  one  sum  vanishes,  a 

root  lies  between  the  two  of  the  quantities  p^  ^2*  ?3  multiply  the  other  two  sums  in  ^2* 
These  statements  can  be  verified  by  writing  the  cubic  expression  as  the  sum  of  the  product 
-  Pj)  ^  remainder. 


A5.2.2,  INCLINED  MOUNTINGS  WITH  ONE  PLANE  OF  SYMMETRY  {YZ) 

When  one  or  more  mountings  have  unequal  axial  and  radial  stiffnesses  and  are  not 
parallel  to  a  coordinate  axis,  the  conditions  for  vibrational  symmetry  relative  to  the  yZ  plane 

'LkyX^'lk^yY,  Y.k^X 
Iky^X  =  'ik^^  Y  -  Ik^yZ 


Ik^XY  ^Y.k^yZ'^  ^'ZkyyXZ  ^  Y.k^^'iZ 
Ik^X?  ^  Y-ky,^  Y'^  ^Iky  :,XY  ^  Yk  yyYZ 


YZ 


■XY 
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The  zeros  in  the  first  determinant  are  now  replaced  by  2  and  skew  force  additions 

occur  in  many  other  elements.  The  expressions  for  pj,  pji  ^3*  unaltered.  The 

remainder  of  the  quantities  in  the  two  cubic  equations  become 


71  - - - - +  Ifcy  7^  -  2lky,  Y7) 

72  - - - - -  2X/fc^.y  .YZ) 

(2  77)^  ;;;  r 

^3" - - - ^  Iky.  .  2lk^yXY) 

(2rr)^;/ir^^ 

s'  2  c  2 


/;j  =7)2  P3  7i- - - —  {p2  —  +  ^3  —  +  7] 

(2.)Vv.n  %  2  2  •  >3  j  (o„)6^3  2 


1  ^21^  .  ^22^ 


(2/7) 


'“'W  f  '7  Ty 

n  ^  ^21^  ^22^  ^23^  2521522^23 

(2TT)^ni^  TjJ-  ry^  ^y''z  ^2  rn^ r ^  r ^ 


where 

®  ^  Sjj  =  X  ^yZ  -  i  ^•y  2  y,  '^i3“^^yz 

S21  =  ^22  =  ~ 

S23  =  'Hk^YZ  ^IkyzX^  -  IkxzXY  -IkxY^Z 

The  discussion  of  the  roots  of  the  equation  regarded  as  a  cubic  in  follows  the  same 
general  lines  as  in  the  absence  of  the  skew  forces. 

A5.3.  TWO  PLANES  OF  VIBRATIONAL  SYMMETRY  {XZ  AND  yz) 

A5.3.1.  SIMPLY  ORIENTED  MOUNTINGS 

Let  each  mounting  have  either  k^  =  or  its  axis  parallel  to  Y,  y,  or  Z,  and  let  both 
the  XZ  and  YZ  planes  be  planes  of  vibrational  symmetry.  Then,  by  extension  of  the  condi> 
tions  previously  written  for  one  plane,  it  is  necessary  that 
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lkyX^lkyXr.lk^Y^:Lk^y^O 

^k^XY  =  SA:ywYZ  =  Ik^yz  «  0 

V»'hen  these  conditions  are  satisfied,  the  six  equations  of  motion,  Section  A5,l.l.,  become 
three  independent  pairs;  one  pair  contains  only  u  and  jS,  another  only  v  and  a  ,  and  the  third 
only  »/’  and  y.  The  three  pairs  are 

=  0 

{'i.k^Z)u  +  ly^P  =  0 

{  -  ky  -  moj^)  V  -  (X^y2)a  =  0 
-aj(yZ)v  Alk^Y^  +  IkyZ^  -  oj^l^)a  --  0 
(Y.  ky  -  m(i)^  )  H'  =  0 
ilkyX^  +  -  0 


Eouptinp  the  determinant  for  the  first  two  equations  to  zero  gives  the  equation 

2 


^  -  m  gj" 


•Ik^Z  lk^X^-,lk^7J-oj^ly 

or  in  terms  of  the  notation  defined  in  Section  AR  2  i., 


=  0 


-(?!  +  72^/^  ■*■^1  ^2 


(2  n)*  m^fy^ 


akyZV^O 


and,  by  the  usual  quadratic  formula,  the  frequencies  for  the  two  rocking  modes  in  the  XZ 
plane  are  given  by  the  equation 


/'-i 


Pi+  72-  -  72^^+ 


i,2Tr)* 


or 


The  second  pair  of  equations  gives 

"i.  k  yTTlQ}^  ky  Z 

-IkyZ  Ik^y^  +  ^kyZ^-CO^ 


=  0 


- 


(p,+  7i)/^  ^  P2^l- 


{2n)^ 


akyZ)^  =  0 
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and  for  the  frequencies  of  the  two  rocking  modes  in  the  YZ  plane, 


P2  +7 


?l)  + 


{2n)*  m  ^r/ 


akyZ)^ 


For  the  fifth  equation,  it  may  be  assumed  that  w  jt  0  but  all  other  five  variables  are 
zero.  Then, 


S  A 2  —  m  co^  »  0 


and 


=_J_2A, 


* - ^  y 

4  m 


where  /  is  the  frequency  of  a  translational  mode  of  vibration  in  the  direction  of  the  Z  axis  at 
the  intersection  of  the  two  planes  of  symmetry.  Similarly,  the  last  equation  gives 


/2  =  7  - - 1 —  ^ 

4  f7i 


for  a  rotational  mode  about  the  Z  axis. 

In  the  most  important  practical  case,  that  of  arrangements  with  base  mountings,  all  the 
mountings  lie  in  a  single  plane  perpendicular  to  both  planes  of  symmetry.  For  this  case,  the 
base-mounting  chart,  Figure  20,  is  useful.  The  relevant  theory  is  as  follows: 

Let  the  distance  from  the  center  of  gravity  of  the  mounted  assembly  to  the  plane  of  the 
mountings  be  Then  Z  ~  •‘Dy  for  all  mountings,  the  Z  axis  being  assumed  drawn  from  the 
center  of  gravity  away  from  the  mountings.  Write 


dJ  = — L — 
*  £** 


Then,  using  the  definitions  of  and 


Pi  ry^lk^  fy^  r/ 


and,  dividing  through  by  the  first  quadratic  equation  becomes 


[Pll  \  fv^ 
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Therefore,  if  /  ^  _  is  the  greater  and  /  ^  the  smaller  of  the  two  roots  of  this  equation, 


f\  Dy 

'  min  -  1  ^  X  ^  Z 


/2  /  2  n  2 

'max  'min  _  ^ X 


and,  as  is  seen  after  multiplying  out, 


On  the  left  in  this  equation,  the  second  factor  cannot  be  negative  since  then  the  first  factor 
would  have  to  be  a  negative  quantity  of  greater  magnitude  and  the  product  would  be  positive. 
Therefore 

/'LSj’i 


It  follows  that,  if  is  substituted  for  in  the  quadratic  equation  and  if  0 ^/fy  and 
are  taken  as  coordinates  on  a  plot,  curves  drawn  for  particular  values  of  will 

be  hyperbolas. 

Furthermore,  if 

f. 


a  -  /max 


min 


by  substitution  for  f  in  terms  of  R  in  the  preceding  two  equations 


Pi  r  2  r  2  \  Pi  /  r. 


and,  by  elimination  of  , 


DJ  D  7  /  i\  Oy 

JL^-L  -In  +4l—  +1  =  0 

ry2  rj,2  \  fit  ry 


Curves  for  a  given  value  of  R  are,  therefore,  semicircles  centered  on  the  D axis. 

Finally,  dividing  the  first  of  the  equations  of  motion  by  X  or  and  substi¬ 

tuting  Z  ^  - 


/  /2\  /2  Qp 

(l - )  u  -)3Z?7=0,  hence  —  *1 - 

\  Pj/  ^  u 


Substitute  this  expression  for  f'^/p.^  in  the  quadratic  equation  and  multiply  through  by  u//3 

^  ^  ^  £l  _  1  =  0 

ry2  fj^2  fy  V  / 
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Therefore,  if  curves  were  drawn  on  the  chart  for  a  fixed  value  of  uZ/Sfy,  they  would  be ’circu¬ 
lar  arcs  centered  in  the  O^/ty  axis;  see  Figure  20.  The  same  arc  would  represent 
u/pTy  -  a^>  0  and  u/jSfy  =  -l/Oj.  Since  «  1,  it  is  evident  that  for  vibrations  at 

frequency  ,  u/p  fy  >  0,  the  vibrations  with  u/Pfy  <0  must  therefore  be  those  at  frequen- 

cy  /'max  • 

A  similar  analysis  holds  for  rocking  motions  in  the  YZ  plane;  fy  is  replaced  by 
Pj  is  replaced  by  P2»  ^/P^y 


D 


2 

y 


ik^  y2 

X/ty 


A5.3.2.  INCLINED  MOUNTINGS  WITH  TWO  PLANES  OF  SYMMETRY  {XZ  AND  YZ) 

When  one  or  more  mountings  have  or  are  not  parallel  to  a  coordinate  axis,  in 

addition  to  the  requirements  stated  in  Section  A5.2.2.  for  symmetry'  relative  to  the  YZ  plane, 
the  following  conditions  must  be  met  to  secure  elastic  symmetry  relative  to  the  XZ  plane  as 
well: 

X/fcy^  =0 

2  4^  }  =  2  A' 

2A^  y 

'Lk^YZ  2A:;^y,VZ 


The  formulas  for  the  frequencies  are: 
For  the  rocking  modes  in  the  XZ  plane, 


Pi +  92  - 


(2fr)^  rnTty 


where 


P,  1 —  Ik^,  q - i - ak^X^^'S.k^Z^-l'Lkq^^.^^^ 

(2ir)^OT  (2»7)^mfy^ 


1 


F'or  the  rocking  modes  in  the  YZ  plane, 


where 


'“4 


4 

(2  ff)'* 


akyZ-'Lk 


YZ 


p  ^  i -  Iky,  ?!  =  - ^ - (2/t^  Y‘^lkyZ^-21kyzYZ) 

{2r)^m  {2n)'^mT^ 
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For  translational  vibration  parallel  to  Z,  as  before,  -  P3,  but  for  the  rotational  mode  about  Z 


=  = - J - CS.kyX^^'lk^Y^-2'S.k^y-XY) 

{2  rr)^  m  T 2 

The  Base  Mounting  Chart  is  not  usually  applicable  to  arrangoments  includirg  inclined 
mountings. 

A5.4.  THREE  PLANES  OF  VIBRATIONAL  SYMMETRY 
A5.4.L  SIMPLY  ORIENTED  MOUNTINGS 

Let  everv  mounting  have  either  k ^  or  its  axis  parallel  to  A',  L,  or  Z,  and  let  the 
A'y,  VZ,  and  TZ  planes  all  be  planes  of  vibrational  symmetry.  Then  the  conditiuns  for  elastic 
symmetry  are 

A'  -  X  =  :Lk^  y  -  )■  ==  V  4.^  y  ^  Z  -  0 

^Xy  A'Z  =  }Z  =  0 

When  these  sums  are  all  made  zero  in  the  frequency  equations,  Section  A5.1.3,,  only 
the  first  iv\o  terms  remain  in  each  equation.  Therefore,  each  of  the  six  modes  of  motion  is 
either  translational  or  rotational,  permitting  in  turn  only  u,  v,  u;.  a  ,  or  y  to  be  differ¬ 
ent  from  zero  and  solving  for  the  following  values  are  found  for  the  frequenc  es  of  the 
three  translational  and  the  three  rotational  modes  of  vibration. 


Y.k- 


{InY 


V  = 


(2tr)^m 


Ik, 


1 


(2  jr)2  m 


Ik. 


^ - (I^7y2+V4.  .^2)^  .2^ - 1 - ak^X-^IkyZ^), 

fi  =  - i -  {Iky  X^  ^IkyY^) 

{2n)^l2 


A5.4.2.  INCLINED  MOUNTINGS  WITH  THREE  PLANES  OF  SYMMETRY 

When  at  least  one  mounting  has  either  ^  or  its  axis  not  parallel  to  a  coordinate 
axis,  in  addition  to  the  conditions  for  the  XZ  and  KZ  planes  as  stated  for  inclined  mountings 
with  two  pianos  of  symmetry  in  Sections  A5.2.2  and  A5.3.2,  the  following  conditions  must  be 
met  to  secure  symmetry  relative  also  to  the  XY  plane: 


1  k^Z  ^  Ik^^X,  IkyZ^lky^  Y 
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The  formulas  for  the  translational  frequencies  f^,  ss  just  presented  for  simply  oriented 
mountings  are  unaffected  by  the  inclination  of  the  mountings,  but  the  formulas  for  the  rotation* 
al  frequencies  become 


‘  ^ - (2 ^2  ^  ^  ^ ^y Z  ' 

fs - - - {Zk2X^-t-lk^Z^-21kx7XZ) 

(2,r)2/y  ^  A  AZ 

/2  „ - 1 - {IkyX^  +  -21kxyXY) 

(2ff)2/2 

A5.5.  OBLIQUE  CENTER-OF-GRAVITY  ARRANGEMENTS 

It  can  happen  that  special  features  of  an  arrangement,  although  not  giving  rise  to  an 
additional  plane  of  symmetry,  nevertheless  greatly  simplify  the  formulas  for  the  frequencies. 
One  important  practical  case,  which  includes  two  distinct  subcases,  will  be  treated. 

Let  the  points  of  attachment  of  the  mountings  all  be  in  a  plane  containing  the  center 
of  gravity  of  the  mounted  body;  let  this  plane,  although  containing  the  X  axis,  be  inclined  at 
an  angle  0  to  the  Y  axis.  Thus  two  of  the  principal  planes  of  inertia  are  inclined  to  the 
plane  of  the  mountings.  If  mountings  having  unequal  axial  and  radial  stiffnesses  are  present, 
let  their  axes  at  least  be  perpendicular  to  the  X  axis,  so  that  k^y  =  ^  0  tor  all  mountings. 

Let  the  arrangement  be  such  that  vibrational  symmetry  actually  exists  relative  to  the 
YZ  plane  and  would  also  exist  relative  to  the  XZ  plane  if  all  terms  containing  Z  or  ky^ 
were  replaced  by  zero  in  the  conditions  for  symmetry  relative  to  XZ^  that  is, 

Ik^Y  =  0,  Ik^^XY^O 

in  addition  to  the  conditions  for  YZ  symmetry  with  inclined  mountings  as  stated  in  Section 
A5.2.2.  Note  that  here  ^  mcuntings.  Since  also  Z  «  7  tan  6  for  each 

mounting,  it  follows  also  that 

Ik^Z  ^Y.k^Z  ^0,  Ik^XZ  ^0 

Case  1:  Assume  also  either  that  all  the  mountings  have  equal  stiffness  in  all  direc* 
tions,  so  that  ky  ^  k^  and  ky^  »  0,  or  that  the  mountings,  N  in  number,  are  identical  and 
have  parallel  axes.  Then  the  following  additional  equations  hold: 

k  y  Y  ®  Y  k  y  2^  X  *  Ym  k  y  2  Y  0,  Y  k  y  XY  ^  Y  k  y  2  XY  *0 

lAryZ-S/ty^^-O,  YkyXZ^Yky2XZ^Q 

On  the  second  assumption  these  equations  hold  because  all  A;*s  cancel  and  the  equations 
state  nothing  new. 
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The  equations  of  motion,  Section  A5,l»l,  now  give,  for  solutions  containing  sin 

m  (i}^)  u  =  0 

('Lky  ^  mco^)  V  +  {SAy2)w=0 
k 2r  -  Tn  (o^)  w  +(SA;y£)v  =  0 
[Ik^Y^ -^{IkyY^)  t^n^e-2i^ky 2y^)i&ne- I =0 
[Ik^X'^  +  (Ik^Y^)  tan^d  -  lycj^]^  -  [{Ik^  Y^)  tSind  +  1  ky  y  ^  0 
[S(iy  X^-^k^Y^)  -  0)2]  y  -  [(SA^  Y^)t&ne  ^lky^X^]p  =  0 

The  equations  are  solved  for  the  six  frequencies;  the  last  four  give  two  quadratic  equations 
for  (o^. 

Case  2:  Instead  of  the  additional  assumptions  of  Case  1,  let  it  be  required,  in  addi* 
tion  to  the  previously  stated  conditions,  that 

Shy^x.o,  •LkyXY-a,  ■s.ky^xr-o 

whence  it  follows  also  that 

:LkyXZ  =  0,  Iky^^XZ  =  0 

Then  the  equations  containing  u,  )8,  or  y  are  the  same  as  in  Case  1  but  the  other  three  are 
as  follows: 


-  mo)^)  V  -h-iXky^)  ’4' 

-  2[(Aytan0  -  ky^)  Y]a  =  0 

~  mco^)  W  +  ky 2)  V 

-  k  Y  2  Y)  (tan  0)  a  ■=  0 

VLk^  Y2  +  iXky  y^)  tan^e-  2(2 Ay ^  t^d  - 

—  2[(A  y  tan  0  —  k  y  ^  y]  —  (2  ^  y  2  (tan  O')  w  *=  0 

These  three  equations  lead  to  a  cubic  equation  in  like  those  encountered  with  only  YZ 
symmetry  and  can  be  treated  in  Uio  same  way. 
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APPENDIX  6 

PRACTICAL  ARRANGEMENTS  OF  INCLINED  MOUNTINGS 

The  equations  of  rriotion  and  the  general  conditions  of  elastic  symmetry  of  arrange* 
inents  of  inclined  mountings  were  given  in  Sections  A5.2.2,  A5.3.2,  and  A5.4.2,  Possible 
practical  arrangements  will  be  discussed  here.  Some  further  remarks  will  be  made  on  vibra¬ 
tional  symiv.etry  and  on  specific  cases  of  arrangerr.cnts  for  three,  two,  and  one  planes  of  vi¬ 
brational  symmetry.  Arrangements  of  inclined  mountings  with  equal  axial  and  radial  stiff¬ 
nesses  are  included  in  the  cases  treated  in  Chapter  3. 

A6.1.  VIBRATIONAL  SYMMETRY  WITH  INCLINED  MOUNTINGS 

Let  a  mounting  have  axial  and  radial  stiffnesses  and  respectively,  and  lot  its 
axis  make  angles  6y,  ^  axes,  respectively,  where 

cos  c!>^  +  cos  6y  +  cos^o^  =  1.  Then,  for  this  mounting, 

^  X  ~  ^  a  ^  V  ^  sin^  <5  Y*  ^  XY  "  a  COS  cos  0  y 

Similar  formulas  for  Z  found  by  changing  either  y  to  Z  or  vY  to  7  or  Z. 

iS  ote  tliat^yY  ^  Z  \  ~^V2'  ^  Z  Y  ^  ^  d  i  spl  ac  emen  t  tc  of  the  equip  mo  n  t 

toward  positive  .Y  causes  a  restoring  force  /ty  w  on  the  equipment  directed  toward  negative  A', 
and  also  skew  forces  ^Yy  ^  \  ^  directed  toward  negative  Y  and  Z,  respectively.  If  the 

axis  of  the  mounting  lies  in  the  .Yy  plane,  then  cos  <^y  =  sin  cos^^  “ 

'^XZ  ^yz  '  similarly  for  other  planes. 

To  secure  geometrical  or  mirror  symmetry  relative  to  a  given  plane  when  k^  4  any 
mounting  and  its  image  mounting  must  have  their  axes  on  lines  which  are  mirror  images  of 
each  other  in  the  plane,  e.g.,  either  2a  or  2b  for  the  image  of  1  in  Figure  42.  If  the  X  axis 
is  drawn  perpendicular  to  the  plane  of  symmetry,  and  if  0^,  refer  to  a  mounting  and 

6  0y  1  ^  image,  then  <^y  “  ^  ~  ^  <i>y  =0y*  cos  <f>^  «  -  cos  <i)^ 

cos  y  “  cos  ^  y  f  cos  ^2  *  cos  *^2*  ^  X  Y  *  ”^^Vy  *  ^  X  Z  * 

Vibrational  symmetry  can  exist,  however,  without  geometrical  symmetry;  a  few  cases 
will  be  mentioned.  The  general  conditions  for  elastic  symrimetry'  for  inclined  m.ountings  are 
too  complicated  for  practical  use.  The  difficulties  of  allowing  for  the  effects  of  inclination 
of  mounting  axes  to  the  principal  axis  of  inertia  of  the  mounted  equipment  is  the  principal 
advantage  of  using  mountings  parallel  to  the  inertial  axes,  or,  if  they  must  be  inclined,  using 
mountings  with  equal  axial  and  radial  stiffnesses. 
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Figure  42  •  Mirror  Image  of  an 
Inclined  Mounting 


Figure  43  •  Inclined  Mountings  with  Axes 
Lying  ^n  the  AT  Plane 


A6.2.  ARRANGEMENTS  OF  INCLINED  MOUNTINGS  WITH  THREE 
PLANES  OF  VIBRATIONAL  SYMMETRY 

Inclined  mountings  with  in  center-of-gravity  arrangements  with  three  planes  of 

vibrational  symmetry  lead  to  great  complications  unless  their  axes  all  Ue  in  the  plane  of 
attachment  of  the  mountings.  Even  then,  the  only  practical  design  seems  to  be  the  insertion 
of  groups  of  four  mountings,  all  in  a  group  being  identical  and  so  located  and  oriented  that 
each  has  a  mirror  image  of  itself  in  both  of  the  two  planes  of  .symmetry  that  are  perpendicular 
to  the  mounting  plane.  The  locations  and  orientations  of  the  four,  if  they  are  in  the  XY  plane, 
see  Figure  43,  can  be  written 


1 

il 

II 

Aj.  A, 

y2  =  ~B, 

,V3=-^ 

S. 

^  X  ” 

II 

y4  =  B, 

^ ^  *  /r  “  Of 

In  such  an  arrangemont,  for  each  mounting 

‘  ^ a  ^  sin^  0,  ky  •  sin^  6  ^  cos^  6 

while  k^Y  has  the  same  sign  as  XY  (k^  -  k^),  and  |  =  |  (k^  -  sin  0  cos  0.  Also 
^XZ  ^  ^YZ  ^ 

The  frequency  formulas  for  such  arrangements  are  the  same  as  those  given  in  terms  of 
ky,  k^  in  the  normal  arrangements,  Section  3.2.1. 
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A6.3.  ARRANGEMENTS  OF  INCLINED  MOUNTINGS  WITH  TWO  PUNES 
OF  VIBRATIONAL  SYMMETRY  {XZ  AND  YZ) 


In  arrangements  with  two  planes  of  vibrational  symmetry,  inclined  mountings  with 
unequal  axial  and  radial  stiffnesses  can  be  introduced  readily  only  in  groups  of  four,  the 
members  of  each  group  being  identical  and  arranged  so  that  each  has  a  mirror  image  in  each 
of  the  two  planes  of  symmetry.  The  image  must  correspond  both  in  the  position  of  the  mounU 
ing  and  in  the  orientation  of  its  axis.  The  positions  and  orientations  for  a  group,  see  Figure 
44,  can  be  specified  in  terms  of  arbitrary  numbers  A,  B,  and  arbitrary  angles  of  a  ,  /3  radians 
as  follows,  Ute  planes  of  symmetry  being  the  XZ  and  YZ  planes: 


X^  =  —A,  Vj  = -S,  = /3;  Aj  ■ /I, 


Aj  —  — /I,  ^  ^  ^  Y  ~  ^  ~ 


The  values  of  Z,  ky,  &nd  k^  are  the 

same  for  all  members  of  a  group,  whereas  those 
members  having  equal  and  opposite  X  have  also 
equal  and  opposite  values  of  and  ky^ 
changes  sign  similarly  with  Y  and  k^^y  with  XY. 

If  at  least  some  of  the  mountings  have 
their  axes  parallel  to  a  coordinate  plane,  further 
generalization  may  perhaps  be  accomplished 
easily  without  destroying  the  symmetry.  If  any 
two  identical  mountings  have  axes  parallel  to 
the  YZ  plane,  so  that  ■  rr/2  and 
kj(Y  =  k^2’’^^^  both,  and  if  these  mountings 
have  the  same  values  of  X^,  Z,  and  but 
have  equal  and  opposite  Y  and  cosd>y,  and 


S, 


X 


V-cr 


n-a, 


“ '-P 


Figure  44  •  Orientation  of  Inclined  Mountings  - 
Two  Planes  of  V'brational  Symmetry 


hence  also  equal  and  opposite  ky then  the  elastic  constants  of  these  two  mountings  may  be 
changed  in  any  common  arbitrary  ratio  n  provided  X  is  simultaneously  changed  for  each  in  the 
ratio  1/n.  Note  that  for  the  two  mountings  X  may  have  either  the  samo  value  or  equal  and 
opposite  values.  Similarly,  if  the  axes  are  parallel  to  XZ,  so  that  k^y  =  ky^  •=  0,  and  if 
Y^,  Z,  and  are  the  same  but  X,  and,  hence,  are  equal  and  opposite,  then  the 

elastic  constants  may  be  changed  in  the  ratio  n  provided  each  Y  is  changed  in  the  ratio  1/n. 

The  general  conditions  for  two  planes  of  symmetry’  with  inclined  mountings  were  stated 
in  Section  A5.3.2. 

For  any  of  the  arrangements  just  described  with  two  planes  of  symmetry,  the  working 
formula  for  p,  stated  in  Section  3.3.3  for  noncoplanar  arrangements  still  holds,  but  here 
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The  formulas  for  and  as  there  stated  in  terms  of  and  Ly  &lso  still  hold  as  well 
as  those  for  P ^  and  Pj,  but  here  L^i  ^2 

For  the /YZ  rocking  modes, 

Q.~-L^{XkyX'^  +  2*J,Z2  _  21.ky7XZ) 

^Wty^  ^ 


For  the  YZ  rocking  modes 


#3^ 


kyZ-lky2  Y)^ 


-L.  (SA,  v'LkyZ^  -I'Zky^YZ) 


A6.4.  arrangements  OF  INCLINED  MOUNTINGS  WITH  ONE  PUNE 
OF  VIBRATIONAL  SYMMETRY  [YZ) 

The  general  conditions  for  vibrational  symmetry  relative  to  a  single  plane  YZ  are  too 
involved  for  practical  use;  see  Section  A5.2.2*  Mention  will  be  made  only  of  certain  methods 
for  designing  such  arrangements  including  inclined  mountings  with 

Of  the  procedures  listed  in  Section  8.4,  Nos.  1,  2,  and  4  can  be  used  for  any  inclined 
mountings  whose  axes  are  parallel  to  the  YZ  plane;  No.  3  can  be  used  provided  also  k^^^ 
has  the  same  value  for  both  members  of  a  pair. 

Complete  geometrical  symmetry  with  respect  to  the  YZ  plane  is  always  sufficient;  the 
mountings  are  then  located  in  pairs.  The  members  of  a  pair  have  equal  and  opposite  values 
of  Xs  supplementary  values  of  and  the  same  values  of  y,  Z^  02  J  therefore  they  have 
equal  and  opposite  values  of  k^y  ^xz  same  ky^* 

The  frequencies  to  are  obtained  by  solving  the  two  cubic  equations  given  in 
Section  3.4  or  A6.2.2  with  the  values  of  C D ^  ^2*  ^2’  ^2  given  in  Section  A5.2.2. 
The  formulas  may  be  converted  into  a  numerical  form  like  those  in  Section  8.4  by  substituting 

1  .  9.78  1  ^  96.6 
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A6.4J.  OBLIQUE  CENTER-OF-GRAVITY  ARRANGEMENTS 


Sometimes  it  is  not  convenient  to  have  the  mounting  plane  coinci  with  a  principal 
plane  of  inertia  of  the  equipment.  It  may  happen  that  only  one  of  the  principal  axes  is  hori¬ 
zontal,  or  it  may  be  more  convenient  to  incline  the  mounting  plane.  Then  only  one  plane  of 
vibrational  symmetry  will  exist,  and  the  methods  of  Section  3.4  can  be  employed  in  design 
and  in  the  calculation  of  the  frequencies.  In  special  cases,  however,  the  problem  is  simpler 
because  of  certain  other  features;  several  such  cases  will  be  given  separate  treatment  here. 

With  the  axes  taken  as  usual  along  principal  axes  of  inertia  of  the  equipment,  let  the 
plane  containing  the  points  of  attachment  contain  also  the  X  axis  but  be  at  an  angle  6  with 
tlie  y  axis.  Thus  the  mounting  plane  contains  only  one  of  the  principal  axes  of  inertia. 

Since  it  may  be  desirable  to  have  the  mounting  axes  perpendicular  to  the  mounting 
[)iane,  any  mounting  with  unequal  axial  and  radial  stiffnesses  will  only  be  required  to  have 
?ts  axis  parallel  to  the  yZ  plane.  Then  for  any  mounting  ^  ^XZ  Furthermore, 

Z  =  >’  tan  0  for  all  mountings;  the  origin  is  at  the  center  of  gravity. 

Vibrational  symmetry  will  be  assumed  to  exist  relative  to  the  yZ  plane,  and  it  will 
also  be  assumed  that  both  the  yZ  and  the  XZ  planes  would  be  planes  of  vibrational  symmetry, 
if  Z  and  ky  were  made  zero  for  each  mounting  w  ithout  other  changes.  This  necessitates, 
in  addition  to  the  requirements  for  yZ  symmetry  stated  in  Section  3.4,  that  21/fc^y  =  0, 
lA-^y  =  0,  :LkyXY  =  0. 

Two  cases  wdll  now  be  treated. 

Case  1:  Assume  in  addition  either 

(a)  that  every  mounting  has  equal  stiffness  in  all  directions,  so  that  kyi  =  0,  or 

(b)  that  the  mountings  are  identical  and  have  parallel  axes  so  that  ky^  has  the  same 
value  for  all. 

Under  these  conditions  two  translational  modes  occur  in  the  YZ  plane  but  probably  not 
in  the  Y  and  Z  directions,  and  two  rotational  modes  occur  about  perpendicular  axes  in  this 
plane.  The  frequency  formulas  for  this  case  are; 

For  translation  in  the  X  direction, 

U.  - 

For  rotation  about  V, 

=  3.13  j/i  [Ik^Y^  +  (S/ty  y2)  tan^e  -  2ky^  (S  y^)  tan0] 

For  translations  in  certain  directions  in  the  YZ  plane, 

f  =  Vp'+  q-  L  ,  L  =  V(p'-  -t-  8^ 
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where 


For  rotations  with  axis  in  YZ  plane, 


/=Kp'+^'-Z,,  Z,  =V(p'- 


where 


(ihyX^  +  24;^  y2) 

IVr/ 

s  =  -M§_[(5:Aj,y2)  tan0+  Iky^X^] 

x^'r'z  * 


Here  3.13  =  v>7  2rr,  i.S9  =  ±  g/(2  ny  ,  9.78  -  5^/(2  ff)^ 

2 

Case  2:  As  an  alternative  to  Case  1,  it  may  be  assumed,  in  addition  to  the  require¬ 
ments  previously  stated,  that  the  mountings  are  arranged  with  mirror  symmetry  relative  to  the 
YZ  plane,  so  that  each  one  is  matched  by  another  with  equal  and  opposite  x  but  the  same 
values  of  Y  and  Z  and  of  the  elastic  constants  including  Or,  more  generally,  make 

IkyXY^lky^X^lky^XY^O 

The  formulas  for  and  for  rotations  with  the  axis  in  the  YZ  plane  are  the  same  as 
in  Case  1.  The  other  three  motions  are  rocking  modes,  the  frequencies  being  roots  of  the 
cubic 

+ {7/2-0 -0 

where 


5  P2  +  P3  +  -7] 


c  VjP- 


+  P2'7i^?3'7j  ~ 


yY  t&n  e  -  Ik  y  +  {^ky  2)^ +  ~L  (Iky  2Y)^ttiD^e 

'x 


D  =  - 


95.6  r  ^3 
W'^  r 


-  (2/fey  ytanfl-S/fey^y)^  +  7i(2Ay2)2  +  h.  (lky2Y)^tVi^e 

“i  «  2 

J 


?L  (s/fey^xs/fe'y^  n  [2 (/fey  y)tanff- lAy^  y] 
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(7j  =  +  (SAy  y^)  tan^^-  2(2*y,  Y^)  tan^j 

^’'x' 

Here  9.78  =  <7/(2 ff)^  95.6  =  ff^A2f,)^,  1870  =  2^ ^/(2 >r)®. 

For  discussion  and  method  of  solution  of  the  cubic  equation,  see  Section  3.4. 


i 
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APPENDIX  7 


DESIGN  WORK  SHEETS  FOR  COMMON  CASES  OF  MOUNTINGS 

Sample  work  sheets  are  presented  for  calculating  the  natural  frequencies  and  the 
required  clearances  for  resiliently  mounted  equipment.  These  work  sheets  offer  arrangements 
that  minimize  the  repeated  writing  of  numerical  values  and  the  amount  of  desk  calculator  com- 
putation.  The  sheets  are  offered  as  a  convenience  for  those  who  are  just  starting  work  in  this 
field  and  who  have  available  only  desk  calculators.  It  is  recognized  that  other  forms  may  be 
more  convenient  under  certain  circumstances  and  that  those  who  use  electrical  computers 
must  code  the  problems  to  suit  the  particular  machines. 

A  proposed  design  work  sheet  is  presented  for  base  mounting  arrangements  with  two 
planes  of  vibrational  symmetry,  YZ  and  XZ,  using  the  calculations  of  Problem  2,  Appendix  2.2, 
as  an  illustration.  Another  proposed  design  work  sheet  is  presented  for  braced  rriounting 
arrangements  witfi  one  plane  of  vibrational  symmetry,  TZ,  using  the  calculations  of  Problem 
3,  Appendix  2.3,  as  an  illustration. 
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BASE  MOUNTING  ARRANGEMENT  •  TWO  PLANES  OF 
VIBRATIONAL  SYMMETRY,  yz  AND  AZ 

DESIGN  WORK  SHEET  FOR  NATURAL  FREQUENCY  AND  CLEARANCE  CALCULATIONS 

1.  SHIP: - 2.  COMPARTMENT _ 

3.  EQUIPMENT  LOCATION:  Frame  No, _ Port  Side _ Stbd.Side _ 

4.  EQUIPMENT:  Name - Mod.  No.  _ Ser.  No _ 

- - — — - Dwg.  No. - 

WEIGHT:  Equipment - ^SOO  lb - Subbase _ Total  .__I500Jb _ 

Speeds  or  Exciting  Frequencies  of  Equipment _ 

5.  FOUNDATION  DWG.  NO:  BuShips _ Shipbuilder _ 

C.  SKETCH  OF  MOUNTING  ARRANGEMENT: 

Plan  j 


RECOMMENDATIONS: 

Use  four  2000-!b  mountings  located  at  =  10  in.,  Dy  =  18.6  in.,  =  6.0  in. 

Calculated  from  Static  Load* 

Clearances  Calculated  from  Shock  Data  Deflection  Data 


^YZ 

^XZ 

Vertical 

Horizontal 


CALCULATIONS  BY: 
APPROVED  BY: 


2  5/16  in. 

3  7/16  in. 

1.0  in. 

1.0  in. 


ACTIVITY  OR  SHIPBUILDER: 
DATE: 

DESIGN  NUMBER: _ 


1  3/8  in, 

2  in. 

0.6  in. 
0.6  in. 
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SHEET  1  OF  4 


NATLTiAL  FREQUENCY  CALCULATIONS 


Frequencies  to  be  avoided;  24'Cps  excitation  by  ship 

40-cps  excitation  by  equipment 


KNOWN  DATA 


8.66  X  10^  Ib-in.-sec^ 


ly  4.37  X  10^  lb-in.- sec^ 


1 7  9.36  X  10^  Ib-in.-sec^ 


Weight 

7500  lb 

Length 

68  in. 

Width 

34  in. 

Height 

24  in. 

21.1  in. 


15.0  in. 


21.9  in. 


SELECTION  AND  CHARACTERISTICS  OF  MOUNTINGS  j 

First  Trial 

Second  Trial 

2000-lb  mountings 

for  dead  load  of  1875  lb  per  mounting, 
natural  frequency  =  15  cps 

2000-1  b  mountings 

for  dead  load  of  1875  lb  per  mounting, 
natural  frequency  =  15  cps 

*a  =  ^  =  ^-.,7/2 

MOUNTING  DEFLECTION: 
from  shock  tests  ■  D=^E  =  1.0  in. 
from  static-load  deflection  tests  - 
£>  =  £'=0.6  in. 

MOUNTING  DEFLECTION; 
from  shock  tests  •  D-E^  1.0  in. 
from  static-load  deflection  tests  - 
/7  =  £'=0.6  in. 

DYNAMIC  STIFFNESSES  OF  MOUNTINGS 

i  First  Trial 

Second  Trial 

1875  x(  15)^ 


-41,000  Ib/in. 


,  W/2  1875  X  (15)2  _  , 

A=— —  =  - =  43,000  Ib/in. 

9.8  9.8 


CALCULATION  OF  TRANSLATIONAL  FREQUENCY 


First  Trial 


A,  =  3.13 


vs.6.2«^/r. 


Second  Trial 


Ar=  3.13  .  6.26  |/^  = 


6.26l/<|50“  =  15  cps 


=  6.26 


=  15  cps 
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SHEET  2  OF  4 


CALCULATION  OF  ROCKING  FREQUENCIES  IN  YZ  PLANE 

Half-Length  of  Base 

First  Trial 

Se.cond  Trial 

fy  Zl.l  1 

_ ^ _ ! _ 

1/2  34  I  fi, 

T7  -zu-'-'' 

Z  Distance  from  Center  of  Gravity  to  Plane  of  Mountings 

First  Trial 

1  Second  Trial 

-i=  =0.284 


Selectiori  of  Mounting  Position 


El=  =  1.60,  Oy  =  33.8  in. 

21.1  ^ 


Rocking  Frequencies  in  YZ  Plane _ 


First  Trial 


/Chart  \  ^  ^  0.975,  f  .  =  14.6  cps 

\Fig  22)  15.0 


_ _ Second  Trial 

.0.88,  Oy-  18.6  in. 

'X  2>-l  " 


Second  Trial 


=0.8,  f  .  =  12.0  cps 

{  15.0 

/  tr 


—  =  1-65,  /  =  24.1  cps  =-^  =  1.4,  /„  ,  =  16.8  cps 

/„,i„lFig22j  14.6  12.0 


CALCUL.4TI0N  OF  ROCKING  FREQUENCIES  IN  XZ  PLANE 


Half-Width  of  Base 


Firdt  Trial  Second  Trial 


.  J1 . 1.13 


—  17  _  1  10 

fy  '  15.0  ”  ‘ 


Z  Distance  from  Center  of  Gravity  to  Plane  of  Mountings  -  See  Above  Selection  of 
Mounting  Position 


First  Trial 


l.C,  /?.=  15  in. 


Rocking  Frequencies  in  XZ  Plano 


First  Trial 


Second  Trial 


Dy  L\ 

=  0.67,  Dy  =  10  in. 
fy  15  ^ 


Second  Trial 


^  mm  /Chart  \  ^mln 


'min  /Cl 


ig  22j  15.0 


=  0.82,  /  .  =  12.3  cps 

*  'min 


^  =0.6,  /  .  =9.0  cps 
/  15.0 

‘  tr 


fjn^  /Chart  \  ^  ^  150  /  ^  I8.4  cps 

/  .  lFig22/  12.3 

•  min  \  45  / 


Zl2«  =  ^  =  1.9,  f  =  17.1  cps 
f  9.0  "'•* 

'  min 
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CALCULATION  OF  ROTATIONAL  FREQUENCY 


First  Trial 


Second  Trial 


Ik.  iX^  +  y  2)  ^ 


=  — 14  (.v2  +  y2)=  =  iilL  \/L  {x^  +  y  2)  = 

'‘z  “  »'z  K  V 

=  [(15)2  4-  (33.8)2]  ,  25.2  cps  =  j/lg  [(10)2  ^  (i8,6)2j  ^  14,5 

SUMMARY  OF  RESULTS _ 

_ First  Trial _ Second  Trial _ 

0 15.0  in.,  Z)y=33.8in,,  (^2' 5.0  in.  i^;t=10in.,  t’y ’  18.6  in.,  ^2'5"0in. 

=  15.0  cps  f^J  =  15.0  cps 

Cn.A=  12.3  cps,  /m«x.A  =  18.4  cps  =  9.0  CpS,  a:  =  17- 1  CpS 

4in.y=  l^-5‘:ps.  U*,>=  24.1  cps  /^„,y=  12.0  cps,  y  =  16.8  CpS 


_ First  Trial _ 

Ox""  15.0  in.,  i>y=33.8in.,  t)2~8.0in. 

=  15.0  cps 

Cn.A=  12-3  cps,  /m,x.A  =  18-4  cps 

4in.y=  1^-6  cps.  .^,„„,y=  24.1  cps 

25.2  cps 


=  14.5  cps 


_ CLEAR.A.NCE  CALCULATIONb _ 

Approximate  Formula;  C  =  ^ +  C  ~  See  Section  1.6. 
C  =  Clearance  for  Movement  of  Point  1  Shown  on  Sketch 


First  Trial 


S 

De 


_ Second  Trial 

Shock  Test  Data  ^ 


/  VT  =  -  +  A.U 

37.2 

=  1.29  ^  1  --  2.29 
Call  2  5/16  in. 


ata 

Static  Load 
Deflection  Data 

1.0  in. 

£1  =  0.6  in.  E  =  0.6  in. 

H  = 

24  in. 

yz  = 

37.2  in. 

11  AZ  = 

20  in. 

+  1.0 

ri  2x0. 6x 24  ^  n  c 

Cy,‘  3,^,  tO.6 

=  0.78  +  0.6=  1.38 
Call  1  3/8  in. 


C  =  2x1.0x24  ^  10  (?..  =  0.6 

AZ  20  20 

=  2.4  +  1  =  3.4  -  1.44  +  0.6  =  2.04 

Call  3  7/16  in.  Call  2  in. 


5/16”  max  ^ 

3/8”  min  li — t-- 

3  7/16”  max  |  P 

2”  min  -  r 


3  7/16”  max 
‘2"  min 


-34’ 

I 

I 


0.6"  mm 


10”- 


j  1.0"  max 
0.6”  min 
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BRACED  MOUNTING  ARRANGEMENT  •  ONE  PLANE  OP 
VIBRATIONAL  SYMMETRY,  YZ 

DESIGN  WORK  SHEET  FOR  NATURAL  FREQUENCY  AND  CLEARANCE  CALCULATIONS 


RECOMM^ilNDATIONS:  Use  four  550-lb  base  mountings  and  two  50-lb  back  mountings  whose 
locations  ate  shown  on  page  131  under  Selection  of  Muunting  Positions. 


Calculated  from  Static  Load 


Clearances 

Calculated  from  Shock  Data 

Deflection  Data 

^YZ 

1.1  in. 

0.7  in. 

^XZ 

1.1  in. 

0.7  in. 

Vertical 

1.0  in. 

0.6  in. 

Horizontal 

1.0  in. 

0.6  in. 

CALCULATIONS  BY: 

ACTIVITY  OR  SHIPBUILDER: 

APPROVED  BY: 

DATE: 

DESIGN  NUMBER: 

SHEET  1  OF  7 
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NATURAL  FREQUENCY  CALCULATIONS 


Frequencies  to  be  avoided: 


Weight  2035  lb 


KNOWN  DATA 


n  _ 


Height 


SELECTION  AND  CHARACTERISTICS  OF  MOUNTINGS 

First  Trial 

Second  Trial 

550-lb  bottom  mountings 

50-lb  back  mountings 
for  550-lb  mountings,  f^  =  f,=  16-7  cps 
for  50-lb  mountings,  /^  =  /^  =  16.0  cps 

n/2 

MOUNTING  DEFLECTION; 
from  shock  tests  1.0  in. 

from  static  load  deflection  tests  0.6  in. 

1 

1 

_ _ _ 

DYNAMIC  STIFFNESSES  OF  MOUNTINGS 

First  Trial 

Second  Trial 

IV/2 

k  -  - 

9.8 

for  550-lb  mtgs  ,4  -A:  =  -  13,860 

Or  Q  0 

Ib/in. 

for  50- lb  mtgs /fc  =4  -  iiUMP  -1150 

Q  r  <i  Q 

Ib/in. 

rV  —  — 

9.8 

SELECTION  OF  MOUNTING  POSITIONS 

X  \  Y  \  Z 


First  Trial 

I 


Second  Trial 


Mtg  FT  Py’T  z 


11+  6  1-6  1-40  1  13860 


138  60  I  13860 


1150  I  1150  I  1150 


CALCULATIONS  FOR  a,,  c,  *nd  Oj,  6,, 


S«cond  Trial 


Firat  Trial 

.2  ^  X 

r  y  =  -  ■ 

IM  .407.8  in.’ 

5.?72 

2  ^  Y 

f  V  =  ■ 

iM  .  407.8  in.’ 

^  m 

5.272 

2  ^7 

r-/  9  f. 

.22L^  60.89  in.^ 

i - ^ - 

5.272 

Summations 


First  Trial  Second  Trial 


/;,V,  ■8.160.10* 


-8.160  X  10* 


.690  X  10* 


♦  0.690  X  10* 


First  Trial  Second  Trial 


0.4896  X  10* 


0.4896  .  10 


0.0414  X  10* 


0.0414  X  10* 


1.380  X  10* 


1.904  X  10* 


0.4896  X  10* 


9.4896  X  10* 


0.0414  X  10* 


0.0414  X  10* 


L041xl0* 


32.64  x  10* 


32.64  X  10 


1.173x10* 


2.041  X  10* 


-5.440  X  10* 


-5.440  X  10* 


-5.440  x  10* 


-5.440  X  Ilf 


*0.196  X  10* 


♦  0.196x  10* 


IkYZ 

2.346  X  10* 

a*>Z)’ 

5.504  x  10*0 

1.  7  2 

2.176  X  10’ 

2.176x  lO’ 

0.033  X  10’ 


*  10^10 


-2.137x  10* 


4.567  x  10*’ 


8.770  X  10’ 
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CALCULATIONS  FOR  Pp  Pj-  Vz  '7p  '721  '73 


First  Trial 

Second  Trial 

"Lk,. 

T,,  =  9.78  - ^ 

•  ‘  H 

9.78x5.670x  10^  2  722x  10^ 

2035 

'Ik, 

Pj  =  9.78 - ^ 

2  IV 

=  2.722x102 

L/t, 

P,  =  9.78 - ^ 

=  2.722x  102 

^  _  5*/®  y2  .  vz.  721 

9.78  12  04x10^18  770x  1021 

Y  1  2  i  “T  ^Cs  J 

«>* 

2035  x  40  7.8^  .«.//0xl0  J 

=  1.056x  10® 

Wfy^ 

=  1.056x  10® 

fj  ^Ul.['LkyX^^  k^Y^] 

Wri 

9,78  f7 Oil V  in<5 .  ?  10^1 

2035  x  60.89  +-.041x10"] 

=  3.219x102 

CALCULATIONS  FOR  fi,,  Cp  77,  and  fij,  Cj,  ZJj 

7^1  =P2  *  7-3  +  -71 

1.056  X  10®=  1.600  X  10® 

First  Trial 

=  2.722  X  102 +  2.722  X  102  ., 

Second  Trial 

=^2  7>3  +  P2'7i  +  7-3  7i-  {{tk +  (2<:y2)^] 

Iflr,! 

First  Trial.  ^ 

C,  =  2.722xl02xZ722xl02+2.722xl02yl.{)56xl03+2.72xl02xl.05fixl()3-— — - 
^  (?D35rx407.8 

„  ,  .^  .  ,  X  (  1.904x  10®+4,5fi7x  10*2]  =  3.904x10® 

Second  Trial 

a 
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_ !!:!:/ _ ~ 

First  Trial 

95  6 

=  2.722x  102x2.722x102x1.056x103 - ^ - [2.722xl02xl.904xl0®+1722x  102x4.567x10^ 

‘  (2035)2  x  407.8 

=  7.89x10® 

Second  Trial 


fia  =  7>1  ^  <7;  +  ?3 

First  Trial 

gj  =  2.722x  102+  1,05  6x103  +  3.219x102  =  1.650  X  10® 
Second  Trial 


Cj  =Pi'72  +  Pi  <73  +  <72'73--^r— +-L(2A:;^Z)2  +  - L_(Si^yZ)2' 


1V2  1,^2 


First  Trial  Cj*: 2.722xl02xl.056xl03+2.722xl02x3.219xlo2  +  1.056x103x3.219x102 


95.6  (1.904x  10®) 

(2035)2  60.89  407.8  407.8  x  60.89 


xl0lO)  = 


4.561  X  10® 


Second  Trial 


^2  -Pj  — ■-^--(S*;^■y)2+-l3(S*^Z)2  + J!i_  (2/fej^,yZ)2 


2  2 
fv^f  ^ 


,2].  1870 


X  {Ik^YZ) 


First  Trial  g  =  2.722x102x1.056x11)3  x  3.219x102-^^^  (1.904  x  10®) 

{2035/  ^  v0«B9 


3;219_xjg  (4  557  njU)  2.722  x  Mj  (5  504  loiO)!  +  —  - —  (1.380  x  H>»)  (-  2.137x  10®) 

4  07.8  60.89  x  407.8  'J  (2035)3  60.89  x  407.8 


Second  Trial 


X  (2.346x10®)  =  9.12x10® 
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Constants  Uj,  6j,  Cj  and  a^,  ftj, 


YZ  Plane 

First  Trial 

Second  Trial 

a.  =  — ^ 

3.904  x  105  _  ^ 

(1.600  X  103)2 

7.89  X  10®  _  Q  00193 

(1.600  X  103)3 

Cj 

=  1.600  X  103 

Other 

^2 

«2  =  2 

4.561x103 

»  ^  =  0. 1G8 

(1.650  X  103)2 

6,  =_^ 

9  12  X  10® 

— ^ =  0.00  2  0  3 

(1.650  X  103)2 

^2  ^  ^2 

=  1.65  X  103 

NATURAL  FREQUENCIES  OBTAINED  FROM  CHART,  FIGURE  23 

First  Trial 

Second  Trial 

YZ  Plane 

Other 

YZ  Plane 

Other 

=  36.0  cps 

/2  16.5  cps 

=  4.7  cps 

-  35.9  cps 

/j  =  18.0  cps 

/g  =  4.6  cps 

/i  =  cps 

h  =  cps 

1i  =  cps 

-  CDS 

U  =  cps 

/g  =  cps 
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'VerUcal 


CLEARANCE  CALCULATIONS 


Approximate  Formula:  C  =  Deflection  of  Mounting  -t-  a  Factor 
C  =  Clearance  for  Movement  of  Point  1  Shown  on  Sketch 


First  Trial 


Second  Trial 


Shock  Test  Data 

Static  Load 
Deflection  Lata 

1  +-=  1.1  in. 

8 

0.6+1  =  0.7  in. 

16 

l+i=  1.1  in. 

B 

0.6  +  1  =  0.7  in. 

16 

1  in. 

0.6  in. 

1  in. 

0.6  in. 

Shock  Test  Data 


Static  Load 
Deflection  Data 


S  1.0"  max 
1  0.6"  min 


I  1.0  max 
I  0.6"  min 
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